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Abstract. Wg show the existence of isometric (or Ford) fundamental regions 
for a large class of subgroups of the isometry group of any rank one Riemannian 
symmetric space of noncompact type. The proof docs not use the classifica- 
tion of symmetric spaces. All hitherto known existence results of isometric 
fundamental regions and domains are essentially subsumed by our work. 

1. Introduction 

Let D be a rank one Riemannian symmetric space of noncompact type and 
denote its full group of Riemannian isometrics by G. Suppose that F is a subgroup 
of G. A subset Y oi D IS called a fundamental region for F in D iiY is open, the 
translates of Y by each two elements of F are disjoint, and D is covered by the 
family of F-translates of the closure of Y . If, in addition, Y is connected, then it is 
called a fundamental domain for F in _D. 

In this article we show the existence of so-called isometric (or Ford) fundamen- 
tal regions for a large class of subgroups of G, see Theorem 3.18, Corollary 3.20 
and Proposition 4.38. In many situations, the fundamental regions will turn out to 
actually be fundamental domains (see Corollary 3.23 and Proposition 4.38). More- 
over, in Section 4, we show that our results subsume all previously known existence 
results of isometric fundamental regions and domains. 

Let F be an admissible subgroup of G. The distinctive trait of an isometric 
fundamental region for F is that it consists of two building blocks. One of them 
is a fundamental region Tea for the stabilizer group Fqo of oo. The other one is 
the common part of the exteriors of all isometric spheres of F (sec Section 3 for a 
definition). Then the isometric fundamental region is the set 

T:=Toor\ Pi ext/(5), 

where eyitl{g) denotes the exterior of the isometric sphere I[g) of g e FxFqo- 
These fundamental regions are of interest for several applications. For example, 
they reflect the geometry of F in a way particularly adjusted to the needs of the 
construction of a symbolic dynamics for the geodesic flow on the orbifold V\D (see 
[19]). 
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Our proof of the existence of isometric fundamental regions does not use the clas- 
sification of rank one Riemannian symmetric spaces of noncompact type. This was 
made possible by the classification- free constructions of all these spaces provided by 
Cowling, Dooley, Koranyi and Ricci in [(>] and [7] resp. by Koranyi and Ricci in [Ki] 
and [15]. These constructions appear to be the first ones which are uniform both 
on the level of spaces and on the level of isometry groups. The approach in [(>] and 
[7] is intimately connected with the restricted root space decomposition of the Lie 
algebra of the isometry group of the symmetric space, and hence it is the method 
of choice for considerations of algebraic nature. In contrast, the construction in [l(i] 
and [15] reflects the geometric side of the spaces. Both constructions are amazingly 
easy to work with. Moreover, one can effortless switch from one construction to 
the other and translate insights and advantages from one model to the other. We 
recall both constructions in Section 2. 

Using their work we provide a uniform definition of the notion of an isometric 
sphere and its exterior in Section 3. The uniformity on the level of isometry groups 
then allows to stick to a classification-free treatment of the isometric spheres, which 
finally results in a classification-free proof of the existence of isometric fundamental 
regions. 

For real, complex and quaternionic hyperbolic spaces, there already exist several 
(different and also non-equivalent) definitions of isometric spheres in the literature, 
e.g., in [10] for the hyperbolic plane, in [l '>] for the upper half plane model and the 
disk model of two-dimensional real hyperbolic space, in [17] for three-dimensional 
real hyperbolic space, in [1] and [2] for real hyperbolic spaces of arbitrary dimen- 
sion, in [18], [11] and [12] for complex hyperbolic spaces, and in [1 ;] for quaternionic 
hyperbolic spaces. Moreover, for certain subgroups of the isometry group of real 
and complex hyperbolic spaces, the existence of isometric fundamental regions was 
already known. More precisely, Apanasov ([1] and [2]) provides the hitherto most 
general treatment of groups acting on real hyperbolic spaces. In [Id], Ford inves- 
tigates the case of the hyperbolic plane. However, his definition of fundamental 
region is not equivalent to our definition. Therefore, his result cannot be compared 
to our one. Groups acting on complex hyperbolic spaces are considered by Kamiya 
in [12]. In Section 4, we will investigate which definitions of isometric spheres are 
subsumed by our uniform one, and we will show that the known isometric funda- 
mental regions are special cases of Theorem 3.18. 

Throughout we will use the following notation. If T is a topological space and 
U a subset of T, then the closure of U is denoted by U or c\{U) and its boundary 
is denoted by dU. Moreover, we write U° for the interior of U. The complement 
ofU mT is denoted by CC/ or T\U. 

For two arbitrary sets A and B, the complement of i? in A is written as A\B. If 
~ is an equivalence relation on A, then A/^ denotes the set of equivalence classes. 
Likewise, if F a group acting on A, then we write A/T for the space of right cosets. 
Moreover, if p is a point of A, then Fp denotes the stabilizer group {9 G F | gp = p} 
of p in F. 



2. Classification-free constructions 

The basic objects of the classification-free construction of rank one Riemannian 
symmetric spaces of noncompact type in [6] and [7] are so-called H-type (Heisenberg 
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type) algebras. In contrast, in [id] and Koranyi and Ricci construct these 
symmetric spaces from so-called J^C-modulc structures. 

In this section we introduce these notions and we briefly recall the two construc- 
tions. Mostly we duplicate, for the convenience of the reader, material from their 
work. Nevertheless, in parts it can be considered as complementary, c. g.. Lemma 2.2 
on the (non-)uniqueness of decompositions of H-type algebras, the notion of or- 
dered decompositions, and a refined definition of an isomorphism between _ff-type 
algebras resp. between C-module structures (which corrects a minor inaccuracy). 
Moreover, we prove in detail that the Cayley transform is an isometry, and that 
the group M given in [(>] and [7] and that in [Ki] and [15] are indeed the same. 

All omitted proofs can be found in [d] or [7] for statements in the language of H- 
type algebras, and in [Ki] or [V>] for those in the language of J^C-modules. As long 
as no confusion can arise, each inner product is denoted by (•, •) and its associated 
norm by | • |. 

2.1. H-type algebras and the J^-condition. A vector space is called Euclidean 
if it is a finite-dimensional real vector space endowed with an inner product. A Lie 
algebra is called Euclidean if, in addition to being a Lie algebra, it is a Euclidean 
vector space. For a vector space let Endvs(ti) denote the group and vector space 
of endomorphisms of 0. If carries additional structures, then the elements of 
Endvs(o) arc not required to be compatible with these structures. In particular, if 
D is Euclidean, then Lp e Endvs(o) need not be orthogonal. 

Definition 2.1. Let n be a Euclidean Lie algebra. Then n is said to be an H-type 
algebra if 

(HI) there are two subvector spaces 0, 3 of n (each of which may be trivial) such 
that 

[n,3]={0}, [n,n]C3, 
and n is the orthogonal direct sum of 3 and 0, 
(H2) for all X e 0, all Z e 3 we have 

\JiZ)X\ = \Z\-\X\ 

where J: 3 ^ Endvs(o) is the M-lincar map defined by 

(j(z)x,y) = (z, [x,Y]) 

for all X,Y E D, all Z £ 3. The map J is well-defined and unique by Riesz' 
Representation Theorem (or its finite-dimensional counterpart). 

If (HI) holds, then n is either abelian or two-step nilpotent. In the first case we 
call n degenerate, in the second non-degenerate. 

The construction of a symmetric space from an H-type algebra n depends on the 
choice of 3 and in the decomposition 3 ® of n. We call the pair (3,0) an ordered 
decomposition of n. The following lemma shows that the ordered decomposition is 
unique unless n is non-trivial and abelian (which precisely is the reason for calling 
abelian iJ-type algebras degenerate). It will turn out that both possible ordered 
decompositions of a non-trivial abelian iJ-type algebra give rise to the same sym- 
metric space, but in different models. Nevertheless, this non-uniqueness calls for 
a careful notion of isomorphisms between iJ-type algebras, which we will discuss 
after the lemma. 

We denote the center of a Lie algebra g by Z{q). 
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Lemma 2.2. Let n be an H-type algebra. If n is non-abelian or n = {0}, then 
the ordered decomposition (3,0) of n is unique. In this case, we have 3 = Z{n) and 
D = Z(n)^. If n is abelian and n 7^ {0}, then there are two ordered decompositions 
ofn, namely (3,0) = (Z(n),{0}) = (n,{0}) and (3,0) = ({0},n). 

Proof. Suppose that (3,0) is an ordered decomposition of n. Then is uniquely 
determined by 3, namely D = 3^. Since [3,3] — {0}, we know that 3 is a subvector 
space of Z{n) (even a subalgebra). If 3 = {0}, then [n, n] C 3 = {0}. In this case, n 
is abelian and (3, o) = ({0}, n). 

Suppose now that 3 7^ {0}. We have to prove that 3 = Z{n). For contradiction 
assume that 3 ^ Z{n), hence dim3 < dimZ(n). Then there is a non-trivial element 
X e D n Z(n). Fix some Z e 3, Z 7^ 0. For all F e it follows that 

{j{z)x,Y) = {z, [x,y]) = o. 

Thus J{Z)X = 0. But then 

\J{Z)X\ = Q^\Z\-\Xl 

which is a contradiction to (112). Therefore, 3 = Z{n). 

This shows that for non-abelian n or for n = {0}, the pair (3, 0) = (-^(n), Z{n)^) 
is the only candidate for an ordered decomposition of n. Because there is at least 
one by hypothesis, (Z(n),Z(n)^) is indeed an ordered decomposition of n. For 
non-trivial abelian n we have the two candidates ({0},n) and (n, {0}), which both 
clearly satisfy (HI) and (H2). □ 

Let n be a non-trivial abelian i7-type algebra. Then n admits the two ordered 
decompositions (n, {0}) and ({0},n). The isomorphism idn of n as a Euclidean 
Lie algebra does not respect these decompositions. In Section 2.3 we will see that 
preserving the decompositions is essential for the bijcction between if-type algebras 
and C-module structures. Therefore, from now on. we will always consider an H- 
typc algebra n as being equipped with a (fixed) ordered decomposition and denote 
it by n = (3, 0, J) or, briefly, by (3, 0, J). Although the map J is determined by 3 
and 0, we keep it in the triple to fix a notation for it. 

Definition 2.3. Let = {^j,X>j, Jj), j = 1,2, be iJ-type algebras. An isomor- 
phism from rii to 1x2 is a pair [ip, ip) of isomorphisms of Euclidean vector spaces 
3i — ^ 32 and '4>'. Oi — > O2 such that the diagram 

31 X Ol -^^—^ Ol 

J2 

32 X D2 ^ O2 

commutes. 

The following lemma shows that isomorphism of iJ-type algebras is a refined 
notion of isomorphism of Euclidean Lie algebras. 

Lemma 2.4. Let xij ~ iij^^ji Jj)j j = I72, be H-type algebras and suppose that 
the map (ip, ip) : ni n2 is an isomorphism. Then <p x : 31 © Oi ^ 32 © O2 is an 
isomorphism of Euclidean Lie algebras. 
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Proof. For all Z G 32 and all X, F e Di we have 

(z, = (J2(^)(^W),VX>^)) = (^'(^i(^"'(^))^),V'(n) 

^ {J^{ip-\Z))X,Y) ^ {ip-\Z),[X,Y]) 
= {Z,ip{[X,Y])). 

Since (•, •)|32X32 is non-degenerate, it follows that (^([X, F]) — [^p{X),'il;{Y)]. Define 
X := </3 X ?/; and let Zi,Z2 €31, Xi,X2 G Di. Then 

[Zi+Xi,Z2+X2] = [Xi,X2] 

and 

[x{Zi + Xi),xiZ2 + X2)] = MZi) + v.(Xi), ^{Z2) + ^{X2)] 

= X([^l+^l,^2+^2]). 

Finally, x is clearly an isomorphism of Euclidean vector spaces. This completes the 
proof. □ 

Remark 2.5. Suppose that ni,n2 are non-degenerate -ff-type algebras and let the 
map X : ni ^ n2 be an isomorphism between ni and n2 as Euclidean Lie algebras. 
Then x{Z{ni)) = Z{n2). Hence Lemma 2.2 implies that x is an isomorphism of 
i7-type algebras. In turn. Lemma 2.4 shows that the isomorphisms between rii 
and 112 as i7-type algebras coincide with the isomorphisms between ni and 1x2 as 
Euclidean Lie algebras. 

For an i?-type algebra (3, 0, J) we often write JzX instead of J{Z)X, and we 
abbreviate the set {Jz 1^63} with Jj. 

Definition 2.6. An i/-type algebra n = (3, 0, J) is said to satisfy the -condition 
if 

(H3) VXeoVZi,Z2e3: ((^i,^2)=0 ^ 3 Z:^ ^ y. Jz,Jz,X = Jz,X). 
If n is abelian, then (113) is trivially satisfied. 

2.2. C-module structures and tiie J^-condition. A C-module structure is a 
triple (C, y, J) consisting of two Euclidean vector spaces C and V and an R-bilinear 
map J: C x V V satisfying the following properties: 

(Ml) there exists e e C\{0} such that J(e, v) = v for all v , 
(M2) for aU C e C and al\v£V we have |J(C,t')l = ICIbl- 

The cases where V = {0} or C = Ke are not excluded. We refer to these as 
degenerate. liV {0} and C ^ Me, then the C-module structure (C, V, J) is called 
non-degenerate. For brevity, a C-module structure (C, V, J) is sometimes called a 
C-modulc structure^ on V. One easily proves the following lemma. 

Lemma 2.7. Let (C,V,J) be a C-module structure. IfV^ {0}, then the element 
e in (Ml) is uniquely determined and of unit length. 



The "C" is "C-modulc structure" or in "C-module structure on V" does not refer to the 
Euclidean space C in the triple (C, V, J). Hence, if (C', V, J') satisfies (Ml) and (M2), then it is 
still called a C-module structure on V. 
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The construction of a symmetric space from a C-module structure (satisfying the 
J^-condition defined below) depends on the choice of e in (Ml) and uses |e| = 1. 
If {C,V,J) is a C-module structure with V — {0}, then J vanishes everywhere. 
Thus every element a S C\{0} satisfies J(a, •) = idy. In this case, we endow 
C with a distinguished vector e of unit length and fix it (sometimes) in the nota- 
tion as (C, e,y, J). The influence of the particular choice of e on the constructed 
symmetric space is much weaker than that of the different ordered decompositions 
of degenerate iJ-type algebras. In fact, the choice of e determines the orthogonal 
decomposition C = Re©C" (see below). If ei, 62 are two choices for e, then there is 
an isomorphism between Kei ® C( and Me2 ® C2 as Euclidean vector spaces which 
respects the decompositions. In turn, {C, ei,V, J) and (C, e2,V, J) arc isomorphic 
as C-module structures (see below for the definition of isomorphism). 

If (C, V, J) is a non-degenerate C-modulc structure, then the clement e in (Ml) 
is unique by Lemma 2.7. For reasons of uniformity, also in this case, we will often 
use the notation (C, e, V, J) for (C, V, J). 

If (C, y, J) is a C-module structure, then we will use J^u or C,v to abbreviate 
J(C, v). Further, we set Cv {Cw |C e C} for v gV. 

A C-modulc structure (C, V, J) is said to satisfy the J^- condition if 

(M3) C{Cv) = Cv for aU veV. 

In this case, V is called^ a j'^C-module and (C, V, J) a J^C-module structure. 

Let (Ci, ei, Vi, Ji) and (C2, 62, V2, J2) be C-module structures. An isomorphism^ 
from (Ci , ei , Vi , Ji ) to (C2 , £2, V2 , J2) is a pair ((ys, ■(/;) of isomorphisms of Euclidean 
vector spaces ip: Vi — > V2 and (ys: Ci — > C2 with 1^3(61) ~ ei such that the diagram 

Ci X ^^^-^ 

C2 X V2 V2 

commutes. 

The requirement that <^(ei) = 62 is relevant only if one of the C-module struc- 
tures is degenerate. In fact, if (Ci, ei, Vi, Ji) and (C2, 62, V2, J2) are non-degenerate 
C-module structures and (93, tp) is a pair of isomorphisms of Euclidean vector spaces 
-0 : Vi ^ V2 and : Ci — ^ C2 such that J2 o [ip x ip) ij.' o Ji, then 

J2{(p{ei), v) = '0(Ji(ei, V"^(w))) = V 

for each v € V. The uniqueness of 62 shows that </?(ei) = 62. 

For a C-module structure (C, e, y, J) let C := denote the orthogonal com- 
plement of Me in C. For ( = ae + z G C with a G M and z G C we set Re ^ := a, the 
real part of ^, and Im^ := z, the imaginary part^ of C- Further we set ^ := ae — z, 
the conjugate of C. We will use the identification Ke — > K, ae i— > a, of Euclidean 
vector spaces. 



"^As with the "C" in "C-modulc structure", the "J^" in " J^-condition" and " J^C-module" 
does not refer to the map J. 

■^In [16] and [15] the condition ip{ei) = £2 is omitted from the definition. However, as discussed, 
this condition is needed and indeed this stronger notion of isomorphism is used in their work. 

^Note that, in contrast to the usual definition in complex analysis, if C = C and ^ = a + ib £ C, 
then one has here Im (J = ib. 
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2.3. Bijection between H-type algebras and C-module structures. Let n = 

(3,0, J) be an H-type algebra. Endow R with the standard inner product and 
consider the Euclidean direct sum c := M ® 3. The map J: c x D ^ D, defined by 

J{t + Z, X) := tX + JzX 

for aU i + Z e M © 3, X e 0, is R-bilinear. Since {JzX, X) = {Z, [X, X]) ^ 0, we 
further find 

|J(t + Z,X)|2 = + JzXp =t2|X|2 + |J^X|2 

= t^\X\'^ + \Zf\X\^ = {i^ + \Z\^)\X\^ 

= \t-rZ\^\X\\ 

hence \ J{t + Z,X)\ = |t + Moreover, for each X e X> we have 

J{l,X) = X. 

Therefore, (c, 0, J) is a C-module structure with e = 1. The condition (H3) is easily 
seen to be equivalent to 

(H3') J(c) J(c)X = J{c)X for aU X €V. 

Thus, (c, 0, J) satisfies the J^-condition if and only if n does. This construction 
provides an assignment of a C-module structure to each _ff-type algebra (with fixed 
ordered decomposition) . 

Vice versa, let (C, e, V, J) be a C-module structure and let [•,•]: V x V C be 
the map defined by 

(1) {z,[x,y]) ^ {J{z,x),y) 

for all z G C, all x,y Cz V. Riesz' Representation Theorem (or its finite-dimensional 
counterpart) shows that [•, •] is well-defined. We extend [•, •] to the Euclidean direct 
sum C © ^ by 

[zi +Vi,Z2+ V2] := [VI,V2] 

for all Zj + Vj E C (S V. This map is M-bilinear. Since Jz is skew-symmetric 
for each z G C (cf. Section 2.5 below), the (extended) map [•, •] is anti-symmetric. 
Moreover, [V, V] C C and [V, C] = [C, C] = {0} imply the Jacobi identity for [•, •]. 
Thus, C (BV endowed with [•, •] is a Euclidean Lie algebra. Let J' : C Endvs(^^) 
denote the map J'{z){v) = J{z,v). Then {C',V,J') is an 7J-type algebra. Using 
the equivalence of (H3) and (H3'), we see that this iJ-type algebra satisfies the 
J^-condition if and only if (C, V, J) does so. 

Using the identification e = 1 from Section 2.2, the construction of a C-module 
structure from an iJ-type algebra 

(3,0, J) ^ (R©3,f,D, J) 
and that of an i7-type algebra from a C-module structure 

{C,e,V,J)^{C',V,J') 

are inverse to each other. Moreover, one easily sees that these constructions are 
equivariant under isomorphisms of C-module structures resp. of H-type algebras. 
More precisely, if {(p,tp)- (31,01, Ji) (32,02, J2) is an isomorphism of ff-type 
algebras, then 

(idxip,iP): (M©3i,l,Di, Ji) ^ (M © 32, 1, O2, J2) 
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is an isomorphism of C- module structures. 

Conversely, if {ip^iji)' (C*!, ei, Vi, Ji) (C2, 62, V2, J2) is an isomorphism of C- 
modulc structures, then V'(Ci) — C2 and the map 

(^Ic;,^): (Cj,n,J0^(C^,1^2,^2) 
is an isomorphism of -ff-type algebras. 

2.4. The model D. Let n = (3,0, J) be an i7-type algebra. Further let a be a 
one-dimensional Euclidean Lie algebra and fix an element H of unit length in a. 
Then a is spanned by H . We denote by s the Euclidean direct sum Lie algebra 
a©n = a®3©ti endowed with the Lie bracket that is determined by requiring that 

[H, X] = \X for aU X e D 

[H, Z] = Z for all Z e 3 

and that equals the original Lie bracket on n, when restricted to n. 

Let exp(s) be the connected, simply connected Lie group with Lie algebra s. 
We identify the tangent space to exp(s) at the identity with s. Further we endow 
exp(5) with the left-exp(s)-invariant Riemannian metric that coincides with the 
inner product on s at the identity of exp(s). We parametrize exp(s) by 

R+ X 3 X D exp(5) 
{t,Z,X) ^ exp(Z + X)cxp((logt)iJ) 

and set S := x 3 x D. By requiring this parametrization to be a diffeomorphism 
and an isometry, S inherits the structure of a connected, simply connected Lie group 
with Riemannian metric. The Campbell-Baker-Hausdorff formula for n = 3 © 
shows that the group operations on exp(5) correspond on S to the group operations 

(2) (<i,Zi,Xi)(t2,Z2,^2) = (iii2,^i+ii^2 + K^'[^i,^2],^i+il^'^2) 

(3) {t,z,xy^ = {t-\-r^z,-t-^'^x) 

for all [tj, Zj,Xj), {t, Z, X) g S. The differential structure on S coincides with the 
differential structure on the open subset R+ x 3 x of some M™. Now let 

D := {{t,Z,X) e M X 3 X o| t > 

and consider the bijection 



(4) 9: 



Mx3Xt) MX3X0 
(t,Z,X) ^ (t+i|X|2,Z,X) 



Then 0(5*) — D, so that we define the structure of a Riemannian manifold on D by 
requiring 6 to be an isometry. The differential structure on D is identical to that 
of D being an open subset of M x 3 x 0. Moreover, 8 induces a simply transitive 
action of 5 on I? by defining 

s-p:= e{se-\p)) 

for s Cz S and p Cz D. In coordinates s — {ts, Zg, Xs) and p ~ (tp, Zp, Xp) this 
action reads 

(5) s-p= {t,tp + l\X,\^ + ^tl/^{Xs,Xp),Zs+tsZp + ^tl^^ [X, , Xp] , X, + ty^Xp) . 
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Due to the definition of the Riemannian metric, S obviously acts by isometrics. We 
call od '■= (1, 0, 0) the base point of D. The geodesic inversion ct of D at od is given 

by 

a(t, Z, X) = ^r^j^ {t, -z, i-t + Jz)X) 

for all (t, Z, X) £ D. Then a is an isomctry, and hence D a symmetric space, if and 
only if n satisfies the J^-condition. In this case, D has rank one and, if in addition 
n is non-trivial, then D is of noncompact type. If n = {0}, then the constructed 
space D is the rank one Euclidean symmetric space M. 

Conversely, let D he a rank one symmetric space of noncompact type. Suppose 
that 2 is the simple Lie algebra of the Lie group of Riemannian isometrics of D. 
Let he a Cartan involution of g, and let i and p be its +1- resp. — 1-eigenspace. 
Fix a maximal abelian subalgcbra a of p and choose a vector H G a which spans o. 
Then the decomposition of g into restricted root spaces is 

= 9-2a © 0-Q ® (a ® m) e 0a e 02a, 

where 

S0:={Xeg \ [H,X]=P{H)X} 

for the linear functional /3: o ^ R and 

m:={X ei \ [H,X] = 0}. 

We suppose that H is normalized such that a{H) = ^- If we set p :— dimga and 
q := dim02ct and if we endow n :~ 02a © 0a with the inner product 

iX,Y) ■.^--l^^BiX,m 

where B is the Killing form of 0, then n = (02Q;fla: J) is an _ff-typc algebra with 
J^-condition. The symmetric space constructed from {Q2aiQa, J) is exactly D. This 
means that each rank one Riemannian symmetric space of noncompact type arises 
from the construction above. 

2.5. The ball model B. Let (C, e, V, J) be a J^C-modulc structure and let W := 
C ® be the Euclidean direct sum of C and V. Consider the unit disc 

B := {w eW \ \w\ < 1} 

in W and endow it with the differential structure induced from W. In the following 
we will define a Riemannian metric on B with respect to which i? is a rank one 
Riemannian symmetric space of noncompact type if (C, V) ^ (Me, {0}). 
Polarization of the equation in (M2) shows that we have 

(6) {Cu,T]v) + {-quXv) ^2{C,f]){u,v) 

for all C,?7 G C* and all u,v E V. For ( E C let denote the adjoint of Jq. Then 

(6) implies 

(7) ^ j^. 

Moreover we have 

(8) J^J^^ICl'idy = J^J^. 
Thus, if we set ("^ := ICT^C foi' C G C\{0}, then we have 

(9) c\cv) = v^ac'v) 
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for all V G V. In Section 4.1 we will see that, if ^ {0}, there is a multiplication 
on C such that is the inverse of C- 

Definition 2.8. Let {C,v), {ri,u) G W^\{0}. Then {C,v) is called equivalent to 
(77, u), if either C = = 77 and u £ Cw, or C 7^ 7^ 77 and (^^v ~ i]^^u. In this case, 
we write (C, v) ~ (77, 

One easily proves that ~ is an equivalence relation on VF\{0}. For an element 
w € W\{0} let 

Cw := {w' € W\{0} \w' r^w}U {0} 
denote the equivalence class of w together with the element €W. Since B is an 
open subset of the real vector space W, we shall identify the tangent space T^uB to 
the point w Cz B with W. The Riemannian metric w > (•, on B is defined by 

(10) (X,Y)o- ■■^MX,Y) onToB 

and, for w E B\{0}, by 



ifX,Y £ Cw 

(11) <(4^' ifX,YeiCw)^ 



if X S Cw, Y S (Ctw) (or vice versa) 



2.6. Tiie Cayley transform. Let n = (3,0, J) be a non-trivial iJ-type algebra 
which satisfies the J^-condition. Further let a be a one-dimensional Euclidean Lie 
algebra with fixed unit length vector H. Suppose that (C, e, V, J) is the J^C-module 
structure associated to (3,0, J) (see Section 2.3). We consider the Riemannian 
symmetric spaces D and B which are constructed in Section 2.4 resp. 2.5. 
The Cayley transform (in M x 3 x D-coordinates, see [7, (2.10a)]) 

B D 

{t,Z,X) ^ ii-t)h\zi^ {l~t^~ \Z\\ 2Z, 2(1 - t + Jz)X) 
is clearly a diffeomorphism from B to D. Its inverse (see [7, (2.10b)]) is given by 
D -> B 

{t,Z,X) ^ ^i+t)K\z\-^ {-l + f' + \Z\\ 2Z, (l+t- Jz)X). 
Proposition 2.9. The Cayley transform is an isometry. 



C: 



c- 



Proof. In [ ], the puUback of the Riemannian metric of D to _B via C is described as 
follows: Let p E B. Denote the tangent space to i? at p by TpB, which we identify 
with R X 3 X 0. If ||X||p denotes the norm of X G TpB induced by the puUback of 
the Riemannian metric on D, then 

l|X|lo = 2|X| 
for all X G TqB. For pG B\{0}we have 

f A JUL if X P t(^) 

||X||2 = ' 

\4(T^^ ifXGMperi'^ 

where 

is a direct sum which is orthogonal w.r. t. Euclidean metric and Riemannian inner 
product on TpB. Theorem 6.8 in [7] provides explicit formulas for Tp^^ and Mp©Tp^^ , 
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which we will state in the following. For X e D let ]{X) J^X and define i{X) to 
be the orthogonal complement of M.X in 

){X)^ = {Yev\yzey. {JzX,Y) = 0}. 

For p = {t, Z, X) e B\{0} we have 

(i) T^^^ = and Rp © T^^^ = R © 3 if X = 0, 

(ii) Tji^^ = R © 3 © 1{X) and Rp © T^^^ = ){X) © M.X if (i, Z) = (0, 0), 

(iii) in the remaining cases, 

T^^'' =t{X)® {{\X\''u,\X\''W,-{u + Jw){t- Jz)W) I e3,ueR} 
and 

Rp © rj2) = { ((^2 + \Z\'^)u, + \Z\'^)W, {u + JH')(i - Jz)x) I e 3, u e R } . 

Note that this subsumes the degenerate cases. On T^B, the Riemannian inner 
product (10) obviously coincides with this one. For p e i3\{0}, (11) implies that it 
suffices to show that RpffiTp^^^ = Cp. To that end let p = (C, v) = (t, Z, X) e S\{0} 
(hence C = (i, ^) e C = R x 3 and w = X e V = 0). If z; = 0, then 

Cp = C X {0} = C = R X 3 = Rp © Tj(2). 

If C = 0, then 

Cp^Cv = {R + J^)X = Rp © T^^\ 

If C 7^ and V 7^ 0, then (77, u) G Cp if and only if 77 ^ and C,^^v = rj^^u, or 
(77, u) = 0. This means that in both cases 

Hence 

Cp = { (?7, J|ci-^„^c^) \v^c] = [ (IcP?, J^J^v) I ^ e c } - Rp © rj2). 

This completes the proof. □ 

Note that for n = {0} resp. (C, V) = (Re, {0}) Proposition 2.9 shows that the 
model B is isometric to the Euclidean symmetric space R. 

2.7. The map /?2- Let (C, e, V, J) be a J^C-module structure. In this section we 
introduce a map 

(32-VxV^C, 

which will be shown to be C-hermitian, i.e., [32 is R-bilinear and for all u,v (z V 
we have l32{u,v) = (32{v,u). The map (32 encodes the inner product and the Lie 
bracket on V. We define 132'- V x V ^ C by'"' 

(/32(w, u), C) (J^u, v) for aU C e C. 
Lemma 2.10. For C,,ii G C we have (77, C) = ivX)- 



^This is J* in [16]. 
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Proof. Let <^ ^ a + x and rj ^ b + y {a,b E W, x,y E C) be the decompositions of 
C and 77 w. r. t. C = K C . Since R and C are orthogonal, we find 

(C, ??) = (a, h) - (x, 6) + (a, y) - (x, y) 

= (a, 6) + (x, 6) - (a, y) - (x, y) 
= (C,^). 

This proves the lemma. □ 
Proposition 2.11. The map (32'- V x V C is R-bilinear. Further we have 



(i) (32i'v,u) = P2{u,v) for all u,v £ V , 

(ii) l32{v,v) = {v,v) for all v eV. 

Proof. One easily sees that p2 is M-bilinear. Using Lemma 2.10 we find 

{(32iv,u)X) = {Jcu,v) = {u,J^) = (/32(u,«),C> = {l32iu,v)X) 



for all u, w e V" and all ( £ C. Hence P2{v,u) = (32{u,v), which proves (i). Finally 
let V eV. From /32(w, v) = /32(w, i;) it follows that /32(w, £ M. Then 

^2(w,w) = (/32(f,f),e) = {ev,v) = {v,v), 

which shows (ii). □ 

Lemma 2.12. For vi,V2 G V we have 

Re/32(vi, W2) = (fi, ^2) and Im/32(wi, W2) = ^2, "i]- 
Proof. Let vi,V2 G V. By Proposition 2.11 we have 

[■UlP +2(?;i,W2) + |W2P = \vi +W2p =/32(fl +V2,Vi +V2) 

= ll'll^ +/32(W1,W2) +/32(w2,Wl) + |W2|^ 



= li'll +/32(W1,«2) +/32(l'l,V2) + |U2| 

= |z;ip + 2Re/32(vi,«2) + |f2|'. 

Hence Re /32(wi, W2) = {vi,V2). To show the second claim, note that Proposition 2.11 
implies that 



Im/32(W1,W2) = 5/32(wi,W2) - 5/?2(wi,W2) = 5/32(^1, ^2) ^ ^(32(^2, Vi). 

For each ^ G C" it follows that 

(C,Im/32(«l,«2)) = i(C,/?2(^^l,«2)) - ^{C,P2iv2,V,)) 
= 5(Jc^^2,Wl) - ^{JcVl,V2) 
= \{JqV2,Vi) + 5(1)1, J(;U2) 
= {JcV2, Vi) = (C, [U2,'yi])- 

Since (•,-)|c"xC' is non-degenerate and Im/32(ui,W2) G C*' and [w2,i'i] € C", it 
follows that Im/32(wi, W2) = [w2,i'i]- Q 
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2.8. The isometry group. Let n = (3, 0, J) be a non-trivial H-type algebra which 
satisfies the J^-condition, and let o be a one-dimensional Euclidean Lie algebra. 
Construct the Euclidean Lie algebras and the spaces 5* and D as in Section 2.4. We 
denote by (C, e, V, J) the J^C-module structure (K.® 3, 1, 0, J) which is isomorphic 
to n. Let G denote the full isometry group of D. Suppose that N resp. A are 
the connected, simply connected Lie groups with Lie algebra n resp. a. Then N 
and A are subgroups of S, more precisely, S is the semidirect product AN . In the 
parametrization of S, the groups and A are given by 

N = {n^z,x) ■■= (1, Z,X)\{Z,X)eixt} 

and 

A = {at := (t,0,0) | t e M+ } . 

Let K be the stabilizer of the base point od = (1, 0, 0) in G and let M :— Zk{A) 
be the centralizer of A in K. Recall the geodesic inversion 

a{t, Z, X) ^ ^r^^ {t, -z, i-t + Jz)X) 

at the origin oo from Section 2.4. 

Theorem 2.13 (Theorem 6.4 in [7]). The Lie group G has the Bruhat decomposi- 
tion MAN U NaMAN. 

Let X :=Mx3X0U{oo}be the one-point compactification of R x 3 x 0, where 00 
denotes the point at infinity. A compactification of D is then given by the closure 
of D in X , namely 

^{{t,Z,X)em.y.iy.\}\ i>i|Xp}u{oo} 
= {{C,v)eGxV\ReC>\\v\'}yj{^}. 

The space is precisely the geodesic compactification of Z?, see, e.g., [3, Sec- 
tion L2] or [n, Proposition 1.7.6]. Let B be the closed unit ball in = M x 3 x 0. 
Then the Cayley transform C: B ^ D extends (uniquely) to a homeomorphism 
B ^ D . Therefore, [7, Corollary 6.2] amounts to the following proposition. 

Proposition 2.14. The action of G extends continuously to . 

The Bruhat decomposition of G implies that the stabilizer Goo of 00 in G equals 
MAN. 

For future purposes we need explicit formulas for the action of the groups M, A 
and TV on . The action of TV and A in R x 3 x 0-coordinates is already given in 
(5). Suppose that {C,,v) e \{oo}. For at G ^ we have 

at<x — 00 and at{C,,v) = {tC,,t^/'^v). 

For n(^z.x) £ TV we get n(^z,x)00 = 00 and 

riiz^Cv) = {l\X\^ + Z + C+lP2iv,X),X + v). 

In G X V^-coordinates, the geodesic inversion a reads as 



(TOO = 0, aO — 00, 
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and for {C,,v) e I?^\{0,oo} 



1 



(RcC)2 + |IniCP 



' Re C, - Im C, J_ R 



o C+Im C 



V) 



= icr^(c,^_c^) = (r\j_ici-c^) 

The Cayley transform in C x T^-coordinates is 



C: 



with 



B 



D 

{ri,u) 



D 

ii-cr'(i 



B 

II- 



2ImC-|CP,2(l-C)t 



l + 2Imr/+|?7|2,2(l+^)u) 



The foUowing proposition provides the exphcit form of the group M . 

Proposition 2.15. The group M is the group of automorphisms of the J'^C -module 
structure (C, e,V, J), that is, the elements of M are the pairs {^Pyip) of orthogonal 
endomorphisms 95: C — > C with ip{e) = e and tp: V V such that the diagram 



CxV- 
CxV- 



V 



V 



commutes. If (</5, V') G ? then its action on D is given by {(p,'ip){oo) — 00 and 

(V5,V)(C,«) = (^(C),V'(«)) for iC,v) e ;d'\{oo}. 

Proof. Let G := C^^GC. For each g E G set g :~ C^^gC, and for each subset 
T of G let f C-^TC be the corresponding subset of G. Clearly, G is theJuU 
isometry group of B. We will first characterize the eentralizer Zj^{A) of A in X as 
a subgroup of G. Let M denote the automorphism group of (C, e, V, J) and define 
the action of {(p,ip) G A/ on B by {(p,il!){(,v) :— {(p{(),tp(v)). We will show that 
M = Zj^{A). By [l.j, Proposition 4.1] we have that M C K. Let at e A and 
(C, w) S B. Then one easily calculates that 



atiCiv) = C ^ o at oC{C,v) 

= ||l-C|'+i(l + 2ImC-|Cl')| 



|l-C|'*+4fImC + t'|l + 2ImC- ICI'I , 

4ti/2|l - CP(|1 - CP - ImC- |Cn)((l - C»). 



Suppose that m = ((/j, t/i) € A/. Since (p{e) = e, we have that (p{C) = <^(C) ^-nd 
(p{lmQ — Im for each ( £ G. Moreover, \(\ — \(p{C)\ for each ^ g C. Then the 
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first component of m o Of (C, v) is given by 

'-\l-C\'^ + 4tlmC + t^ |l + 2ImC- |CI^ 



|l-CP+t(l + 2ImC-|CP)|' 



-|l-C|^ + 4iIm(^(C)+t2 


|l + 2ImC- ICI'I' 




||l-CP+t(l + 2ImC-|CP)| 


2 



-|l-^(C)|4+4tIm^(C) + i2 


l + 2Im(^(C) - 


l^(C)lt 




||l-V^(C)P+t(l + 2Im<^(C)-|^(C)P)| 


2 



Tflis is tlie first component of at o m(C, v). The second component of m o at(C, v) 
reads as 



' (|l-CP+t(l-2ImC-|Cn)((l-CH \ ^ 
||l-CP+t(l + 2ImC-|CP)r / 

_ ip{\l CP + t(l - 2ImC - |CP))^((1 - 

||l-CP+t(l + 2ImC-|CP)r 
_ (|1 - CP + t{l - 2Imv.(C) - ICP)) (^(1 - CHiv)) 
||l-CP+t(l + 2ImC- |CP)|' 



_ (|1 - y(C)P +^(1 - 2Imy>(C) - |v:^(C)P))((l ^ V^(C))V'W) 
||l-<p(C)P+t(l + 2Im<p(C)-|</>(C)P)|' 
Clearly, this is the second component of atOTO(C, v). Hence, fh commutes with each 
at. This shows that M C Zj^{A). 

Conversely, suppose that m S Zj^{A). We have to show that m(l,0) = (1,0). 
Then [15, Proposition 4.1] implies that m S M. For each < S M"*", we have 
5t(l,0) = lim 5t(l - i 0) = (1,0). 

Thus, at(m(l, 0)) = '7z(l, 0). The only points on dB that arc invariant under each 
at are (1,0) and (—1,0). Seeking a contradiction assume that to(1,0) ~ (—1,0). 
Since a = —id, we get a o to(1,0) = (1,0). By [15, Proposition 4.1] we have 
a o fh £ M. Our previous argument then shows that a o fh commutes with all at- 
Therefore 

at o a o fh — a o fh oat = ^ oat o fh, 
which means that a commutes with each a*. This is a contradiction. Hence it 
follows that m(l,0) = (1,0), which by [15, Proposition 4.1] shows that fh € M. 
Therefore M = Zj^{A). Now let fh = {f^i') e M and set m := C o m oC^^. For 
{"q, u) € D we find 

m['q,u) = C o fho C^^{ij, u) 

= Cofh{\l + 'n\-^{l + 2liaij+\ri\^,2{l + rj)u)) 

= C (ll + (1 + 2 Im ^(rj) + \^{v)\\2{l + ^)V'(w))) 

The remaining claim follows directly from continuity or, alternatively, from the 
extension of the Cayley transform to S. □ 
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3. Isometric fundamental regions 

Throughout this section let (C, e,V,J) be a J^C- module structure such that 
(C, V) 7^ (Me, {0}) and suppose that (3, 0, J) is the corresponding H-type algebra 
with J^-condition. Recall the model D of the rank one Riemannian symmetric 
space of noncompact type which is constructed from (C, e,V, J) resp. (3,0, J) in 
Section 2.4. Let G denote the full isomctry group of D. 

The purpose of this section is to prove the existence of isometric fundamental 
regions for certain subgroups T of G. For this we first have to define the notion of 
the isometric sphere of 5 g GxGoo, which is a sphere w. r.t. Cygan metric. The 
Cygan metric is a metric on \ {00} which arises from a certain group norm on 
D \{oo}. This group norm is an extension of the Hcisenberg pseudonorm. 

3.1. The Cauchy-Schwarz Theorem for ^2- In our setting, the proof of the 
Cauchy-Schwarz Theorem as it is usually taught in linear algebra cannot be adapted 
to the map ^2- Therefore we provide an alternative proof for which the following 
two lemmas are needed. 

Lemma 3.1. Let u,v £ V. Then /32(w,u) = i/ and only if v G (Cm)^. 
Proof. We have (32{v^u) —Q if and only if 

(/32(f,u),C> = forallCGC. 
By the definition of (52 , this holds if and only if 

(Cm, w) = for aU C e C, 
hence if and only if v e {Cu)^ . □ 
Lemma 3.2. Let u <eV and A G C. Then (32{Xu, u) — jwpA. 
Proof. By the definition of P2 and the polarization (6) we have 

{(32{Xu,u),0 = {Cu,Xu) = (A,C)|wp = (|wpA,C) 
for aU C e C. Hence f32{Xu, u) = \u\'^X. □ 
Proposition 3.3. Let u,v gV. Then 

W2iu,v)\ < \u\\v\. 

Equality holds if and only if v Cz Cu or u G Cv. 

Proof. Let (wi,W2) G Cu x {Cu)^ be the unique pair such that v = vi + V2. Using 
that (^2 is C-hermitian (see Proposition 2.11), Lemma 3.1 yields 

I32{u,v) = fi2{u,Vi) + P2{U,V2) = /32(w, "i). 

Then Lemma 3.2 shows 

|/32(u,^;l)|2 = |«^^;l|2. 

Clearly 

where equality holds if and only if V2 = 0, hence if and only if w = ui G Cu. Thus, 

where the inequality is an equality if and only if u = or w G Cu. This proves the 
claim. □ 
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3.2. H-coordinates, Cygan metric, and isometric spheres. Let z = (t, Z, X) E 

D \{oo} and recall the map O from (4). The horospherical coordinates or H- 
coordinates of z relative to the origin ou of D are defined as 

e-'{z) = {t-\\x\^,z,x). 

To avoid confusion with the ordinary coordinates of , H-coordinates will be 
subscripted by h. Hence, the H-coordinates of z are denoted by (t— j\X\'^ , Z, X) ^. 
Since 8 induces a bijection between D^\{oo} and the topological closure 

5 = ]R([ X 3 X 

of 5 in Mxj X 0, there is a geometric characterization of H-coordinates. We elaborate 
on this in the following remark. 

Remark and Definition 3.4. Let z = it,Z,X) = (C, u) € D^\{oo}. The 
horosphere through z with center oo is the A^-orbit of z. We extend the group A 
to the set 

A+ := AU{ao}, 

where oq : — > is defined by oooo := oo and qqz for all z E \{oo}. 
Then there is a unique pair (as , n) € x N such that 

nas{oD) = z. 

The height of z is defined as 

ht(z) ■.= t-\\X\^ = RcQ-\\v\\ 

Formula (5) shows that s = ht(z) and n = (1, Z, X). Hence the H-coordinates of z 
are 

(ht(z),Z,X)ft = (ht(z),ImC,f)/>. 

This means that the H-coordinates are given by the height of the c»-centered horo- 
sphere on which z lies and the coordinates of z in the canonical parametrization of 
this horosphere. 

The Cygan metric on Z? is a metric on \ {oo} which arises from a certain 
group norm. If [Q , ■) is a group with neutral element Ig, then a map p: G ^ is 
called a group norm if 

(GNl) p{g) = if and only if g = Ig, 

(GN2) pig-'^) ^p{g) for aU g G Q., 

(GN3) p\gh) < p{g) + p{h) for aU g^hEG. 

Suppose that p is a group norm on C/, then the map d: CJx ^ R, d{g, h) :~ p{g^^h) 
is a metric on Q. It is called the metric induced by p. 

A well-known example of a group norm and a pre-form of the group norm for 
the Cygan metric is the Heisenberg pseudonorm on N . More precisely, N inherits 
an inner product from its canonical bijection to 3 x o. Then the Heisenberg group 
norm q (which is also known as the Heisenberg pseudonorm) on N is defined by 

q{z,x) ■.^\i\x\' + z\'/'^{±\x\^ + \z\'f\ 

The last equality holds because 3 and R = a are orthogonal. Since each height level 
set of D^\{oo} is isomorphic to N, the metric induced from the Heisenberg group 
norm measures the distance between two elements in the same height level set. 
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To be able to also measure the distance between elements in different height level 
sets, we extend the Heisenberg pseudonorm to the direct product of the groups 
(M, +) ("differences between height level sets") and N by 

f M X AT R 
^' { {k,Z,X) ^ \\\X\'' + \k\ + Z\"\ 

Obviously, p|{o}xAr = 9- 

Proposition 3.5. The map p is a group norm on M x iV. 

Proof. The neutral element of R x is (0,0,0), and 3 is orthogonal to R. This 
implies that p satisfies (GNl). To prove (GN2) let 5 (fc, Z, X) G R x N. Then 

P{9^') = Pi-k, -Z, -X) = \\\X\^ + \k\ Z\"^ = + |fc|)' + 

= \\\X\^ + \k\ + Z\"^ =p{g). 

The triangle equality (GN3) is shown in several steps. For each g ~ (fc, Z, X) E 
R X iV we have 

Pig) = m\' + \k\ + z\'i' = + |fc|)^ + \zf)" 

This and Proposition 3.3 yield that 

i|/32(X2,Xi)| < <p(fci,Zi,Xi)p(fc2,^2,^2) 

for aU (fcj, Zj.Xj) e R x iV, j = 1, 2. Further, for all (Z, X) E N and fci, fc2 G R, 
we find 



\\X\^ + ifci + k^\ + = + \k, + fc2|)' + 



1/4 
1/4 



< 

— \ V4i I 1-11-1/ 

==|i|Xp + |A:i| + |fc2| + Z|'/'. 
Now let g^ = (fc^, Z.j,Xj) e R x iV, j = 1, 2. Then 

P(5l32) =p(fcl +fc2,^l +^2 + i[Xi,X2],Xi +X2) 

= +X2P + |fcl + fc2| + Zi + Z2 + i[Xi,X2]|'^' 

< |i|Xi+X2p + |fci| + |fc2| + Zi+Z2 + i[Xi,X2]|'/' 

= + Ifcil + Zi + i|X2p + |fc2| + ^2 + i ((^1,^2) + [Xi,X2])|'/' 

Recall from Lemma 2.12 that 

(Xi,X2) + [Xi,X2]=/32(X2,^l). 
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Then 

P{9192) < lil^lP + |fcl| +Zi + i|X2p + \k2\ + Z2 + \P2{X2,Xi)\^'^ 

< + \k,\ + Zi| + |i|X2p + 1^2! + ^2| + i \MX2,X,)\f' 



2 , l\a_tY^ ^ )\]^^'^ 
1/2 



[p(ffl)'+P(32)' + i|/32(X2,^l 



< [p(ffi)'+P(ff2)' + 2K9iM52)] 

= p{9i) +p{g2)- 

This completes the proof. □ 

The definition of the Cygan metric uses the H-coordinates on Z? \{oo}. We use 
the map 

" D^\{oo} RxN 



z 



to assign to each element of \ {00} its H-coordinates. The advantage of using 
H-coordinates is that the points of D^\{oo} get embedded into the group Mx N. 
This in turn allows to perform the group operations of IR x on k{z2) for 

elements 21,22 S D \{oo}. 

Definition 3.6. The Cygan metric on D is given by 

!D^\{oo} X I)^\{oo} ^ M 

(51,52) ^ p{K{gi)~^K{g2)). 

Since k is injective, the Cygan metric is in fact a metric on \{oo}. 

The following lemma provides worked out formulas for the Cygan metric. It can 
be proved by a straightforward calculation. 

Lemma 3.7. Let zj = iCj^'^j) — {kjTZj,Xj)h be elements of D^\{oo}. Then the 
Cygan metric is given by 

gizi,Z2) ^\\\Xi-X2\^ + \h-k2\+Zi- Z2 + ilm/32(X2,Xi)|'/' 

= likiP + iK'2|' + |ht(^i) - ht(z2)| +ImCi - ImC2 - hf32ivi,V2) 



1/2 



Convention 3.8. Let g G G\Goo- Whenever in the following we write g 
niamatn2, it should be understood that ni,n2 (z N, at (z A and m G M. 

Definition 3.9. Let g G GxGoo- Suppose that g — niamatn2, and let R{g) : 
t-^/^. Then the set 

lig) ■.= {zeD\ g{z,g-'^)^R{g)} 
is called the isometric sphere of g. Further, 

cxt/(.g) := {zeD \ g{z,g^^oo) > R{g)} 
is called the exterior of I{g), and 

int/(g) -.^ {zeD\ g{z,g~'^oo) < R{g)} 
is called the interior of I{g). The value R{g) is the radius of /(<?). 
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Lemma 3.10. Let g ~ niamatn2 ^ G\Goo and n2 ^ {I, Zs2, Xs2)- Then 

1/2 

e((C,Z;),ff-^00) = l\X,2\^+Z,2+C+h(32{v,Xs2) ■ 

Further gi(-, g^^oo) is unbounded on D, and hence ext/(g) ^ 0. 
Proof. We have 

g-'oo = n^^O ^ {\\Xs2\^ - Z,2,-X,2) . 

Thus, the expression for g{{(,v), g^^oo) follows immediately from Lemma 3.7. We 
now prove the second part of the claim. Let (C, v) ^ D and t > 1. Then 

ht{{tC,v)) =tReC-l\v\^ >ReC-k\v\^ >0. 

Hence {t(, v) E D. Further 

g{{tC,v),g-'^Y = \tC+\\X,2\^ + Zs2 + ^P2{v,Xs2)\ 

>i|C|-|il^..2p + ^s2 + i/32(f,^s2)|, 

which converges to oo for t — > oo. Hence (7~^oo) is unbounded. This completes 
the proof. □ 

Lemma 3.11. Let g S GxGoo- Then 

(i) cxil{g) anrfint/(g) are open, 

(ii) ext/(g) = {z£D | g{z,g-^cx,) > i?(g)} = C int /(g), 

(iii) int/(5) {z e D | g{z,g-'^oo) < R{g)} = Cext/(.g). 

(iv) If {C,v) e int/(g), then (C - s,v) G int/(5) for each s G (0,ht(()). 

(v) // (C, v) E cxt /(g), then (C + s, w) e cxt /(g) /or eac/i s > 0. 

Proof. Suppose that g — niamatn2 with n2 ~ (1, ^2,^2). Then /?(g) = t^^^'^ and, 
by Lemma 3.10, 

g{{C,v),g~^^) \l\X2\^ + Z2 + C+kP2iv,X2)\'^^ 

for each {C,,v) E D. Since /32(',-'^2): V ^ C is M-linear (see Proposition 2.11), the 
map 



D 

iCv) 



\1\X2\^ + Z2+C+^P2{V,X2)\ 

is continuous. Then 

ext/(g) = /-i((t-i/^oo)) and int /(g) = /"^ ((-00, t'^/^)) . 



This shows that ext/(g) and int/(g) are open. Moreover, it follows that int/(g) 
is contained in ((— cxo, <~^/^]) . For the converse inclusion relation, it suffices to 
show that f-Ht-^/^) C int/(g). Let zq = (Co,wo) e f-^{t~^'^). Then 

= |i|X2p + Z2+C0 + 5/?2(«0,^2)| 



i 1^2 + WO P + ht(Co) I " + I ^2 + Im Co + ^ Im /?2 (wo , ^2) I 



1/2 



For each s E (0, ht(Co)) it follows that 



-1/2 



> 



51^2 + wol' + ht(Co) - s| + 1^2 + ImCo + \lTnp2{vo,X2)\ 

\\X2? + Z2+(:^-S+\P2{v,uX2)\. 



1/2 
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Thus, (Co — s,vo) e int/(g) for each s e (O,ht((^o))- Hence 



hm(Co - s, vo) = (Co, -fo) e int/(g). 

s\0 

This proves (iii) and (iv). The proof of (ii) is analogous to that of (iii), and the 
proof of (v) is analogous to that of (iv). □ 

Proposition 3.12. We have 



fl ext/(5)= fl extI{g)^D\ \J mtl{g). 



Proof. Lemma 3. 11 (iii) states that Cext/(g) = int I{g) for each g E rxFoo- There- 
fore 

fl extJ(5)) = ( U Cext/(5)) = f IJ i^^)- 
By Lemma 3.11(i), the interior of each isometric sphere is open. Thus 



servr 

and hence 



U int/(.g)= ( y int I{g)] , 



U int/(.g)C ( y intlig)] . 

EFxF^ VsGFxFoo / 



961 

In the following we will prove the converse inclusion relation. Let z = (C, v) be an 
element of (lj{int/(g) | g e rxFoo})" and pick e > such that 



Ze ■= z + e ^ {C + e,v) e [J 'mt I{g). 



Fix some k £ Fx Too such that G int/(fc). Lemma 3.11(iv) yields that z ~ z^ ~ e 
is in int/(fc). Thus z e U{int/(g) | g e FxFoo}- This shows that 



( y int 7(5)) C y int/(ff). 



In turn, 



C y int/(,9)= fl ext/(g). 



Finally we have C int /(g) = extl{g) for each g e F \ Fqo by Lemma 3.11(iii). 
Therefore 



f] ext/(g) = C y int/(.g)= f Cint/(,g)= f ext/(g). 

serxF^ seFxF^ seF\F^ s6FxF^ 



□ 



22 A. POHL 

Let g G GxGoo and (C, w) G -^{00}. Suppose that g = niamatn2 with 
rij = (1, Zsj, Xsj) and m = (ip, ^j). A lengthy but easy calculation shows that 

(12) (?(C, V) = + Zsl + Xt-' - \t-^'^P2{x^{Xs2 + v),Xsl), 

where 

X := (i|X,2|' + + C + 5/32(«, Xs2))] . 
This explicit expression for the action of g on £) is used in the following two lemmas. 
We denote the set of orthogonal endomorphisms of C resp. of V by 0{C) resp. 0{V). 

Lemma 3.13. If q E G\Goo, then g maps cxt/(g) onto int I{g^^), and I{q) onto 

Proof. Suppose that g ~ niamatn2 with nj = [1, Z^j, Xsj) and m — (Lp,tl)). Then 
we have g~^ = Ti^^crmatn^^. Hence it follows that 

R{9) - Rig-') = t-"^ 

and 

g-^I{g-^) ^{zeD \ Q{gz,g^) ^ R{g)}. 
In the following we will compare g{gz,goo) to ^(2,3^^00). Let {C,v) be in D. Set 

X := (i|X,2|' + Zs2+C+ i/32(«, Xs2))] ■ 
Then (12) and Lemma 3.10 yield that 

g{giC,v),g^) = \^\Xsi\^ + xt'' - ^P2{Xsi, X,i)\'^\ 
By Proposition 2.11, /?2(X,i,X,i) = Thus 

,(g(C,^.),.9oo)==|x^-l|'/' = |x^/2^-V2. 

Since (p £ 0{C), it follows that 

|x|l/2 ^ 1^ (1 |X,2p +Z,2+C+ ^P2{V, X,2))\~'^' 
= \\\Xs2\^ + Zs2+C+ \I32 [V, X,2)\~^'^ 

= Q{{C,v),g^^<x,) \ 

Therefore 

e'((C,w),5"^oo)6'(5(C:'y),gcx)) = t^^'"^. 
Hence, (C,^') G I{g) if and only if 

e(5(C,^^),5oo) =t-i/4. 

This is equivalent to g(Cii^) S -^(ff^^)- turn, gl{g) = I{g^^). Further, wc have 
(C, w) G ext I{g) if and only if 

t~'/^> g{g{C,v),g^). 
Therefore gcxtl{g) = int/(g^^). □ 

Lemma 3.14. Let n = (1, Z, X) e N, Os G A, and m = {ip, ip) £ M. 

(i) If n' :— (1, sZ, s^/^X) , then a^n — n' Og. 

(ii) For allu,v £ V we have ip[f32{v,u)) = i52(V'(^)j ^(u)). 
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(iii) If n' := (l, (p{Z),tlj{X)^ , then mn = n'm. 

Proof. Claim (i) is shown by direct calculation. To prove (ii) recall that Lp G 0{C). 
ip G 0{V), and that ^{^J{ri, w)) = j((/3(r/), tp{w)) for each (ry, w) € C(BV. For each 
C € C we have 

Thus </j(/32(w,m)) = f32{'ilj{v),ip{u)). For the proof of (iii) let (C, w) G D. Then 
m(n(C,«)) = (v?(i|X|2 + Z + C+i/32(«,X)),VX^ + «)) 

Now (ii) yields 

m{n{C, v)) = (i|^(X)|2 + ^{Z) + ^iC) + ^I32{ij{v), ^P{X)),^{X) + i:{v)) 
= n''{(p{Q,ij{v)) ^n'{m(C,v)). 
Hence mn = n'm. □ 

Proposition 3.15. Let g E Goo and h E G\Goo- Then 

gl{h) = l{ghg-'), 
gmtl{h) = int I (^ghg^^^ , 
gextl{h) = ext (^ghg~^y 

Proof. It suffices to prove the claim for the three cases g E A, g E N, and g E M . 

This we will do separately. Let h ~ niamatn2 with nj = (1, Zj, Xj). 

Suppose first that g = a^. Let {(, v) E D. For j E {I, 2} set n'j := (l, sZj, s^/'^Xj) . 

Lemma 3.14 implies that 

I -1 -1 / -1 -1 / / I 

gng = asniamatnaOg ~ n^amag ata^ ^2 ~ niamas-^t'^2- 

Therefore R{ghg~^) = fii/^t-V* ^ s^/'^R{h). By Lemma 3.10 we have 



and 



Then 



g{{C,v),ighg-Y'<x) = \ls\X2\^ + sZ2 + C+^s'^^lMv,X2) 

g{a:\C, v), /i-^oo) = |i|X2p + Z2 + s-\ + ^s-^/^ (32{v, X2) 
= s-'^^g{iC,v),{ghg-Y'^)- 

gl{h) = {zeD \ g{g~'^z, = R{h) } 



1/2 



1/2 



{ 



ZED 



g{z,{ghg-Y'^)^s'^'Rih)} 
^{zeD \ g{z, {ghg-Y'oo) = Righg-') } 
^I{9hg-'). 

Analogously, we sec that gcxtl{h) — ext l[ghg^^) and gmtl{h) = int I [ghg^^). 
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Now suppose that g ~ = (1, Z^jX^). Then ghg ^ — {nznx)amat{n2n^ and 
(see Lemma 2.12) 

nan^i ^ (l, Z2 - Zg - i Im/Sal^g, X2), X2 - X3) . 

Therefore, by Lemmas 3.10 and 2.12, 

1/2 

i|X2p + i|X3p - i/32(X3, X2) + - Z3 + C + ^2 - ^3) 

On the other hand, we have 



il^2p + Z2 + i|X3p - Z3 + C - i/?2(t', ^3) + 5/32(-X3 + V, X2) 

i|X2p + i|X3p + Z2 - ^3 + C - ^/32(^3, ^2) + i/32(^',^2 - ^3) 



1/2 



1/2 



1^-1, 



Since = R[ghg^^), the claim foUows for this case. 

Finally suppose that g = 7712 = {ifijilj) and set n'j {l, ip{Zj),ifj{Xj)) for 
j = 1, 2. Lemma 3.14 shows that 

ghg^^ ~ 7772711 (Tmat 77.2 TO^^ ~ ?7']^crrr7^"'^777rr7^^aj772. 
From this it follows that R{h) = i? (7712/1777,^ ^) . Moreover, we have 

1/2 



e{iC,v), (ghg 



'i\-i. 



\mx,)\' + ipiZ^) + C + y2{v,i;iX,)) 



From Lemma 3.14 it follows that 



Q{{C,v),{ghg ^) ^co] 



i|X2|2 + ^(Z2) + C + hAP2{^-\v), X2)) 



1/2 



On the other side we find 



i|X2p + Z2+ ^-'{0 + i/?2(V'-'W,^2) 
i|X2p + ^(^2) + C + iv(/32(^-'(^^), ^2)) 



1/2 
1/2 



□ 



^g{iC,v),{ghg-')-'cx^). 

From this it follows that gl{h) — li^ghg"^^ , g ext I{h) = ext l{ghg~^^ . and 5 int /(/7) 
int I [ghg-^). 

An immediate consequence of Proposition 3.15 is the following corollary. 
Corollary 3.16. Let T he a subgroup of G and g G Too- Then 
g Pi ext I{h) = Pi ext I{h) 



7ier\r„ 



and 



g y int/(/7)= IJ int/(/7). 



7ierxr„ 
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Lemma 3.17. Let z ^ D and g e GxGoo- Then 

Proof. Let z = (C, v) and g — niamatn2 with nj — (1, Zj, Xj) and m — (<p, i/i). We 
first evaluate \it{gz). Set 

X := (i|X2p + Z2 + C + \P2{v, X2))Y^ . 

Using (12) we find 

\A{gz) = Re {\\Xi\^ + Zi + xr^ - It"^ (52{x^{X2 + v),Xi)) 

- \ Xi-xt-^/^i;{X2+v) 



Xi-xt-^^^i;{X2+v) 



= Re(x) - ii- VP • 1^2 + 
= t-i|x|2[Rc(|x|-2x)-i|X2 + fp]. 
Since Rc(y5(77) = Rcry for each e C, it follows that 
Re (l^r^a;) = Re (x^^) = Re (x^^) 

= Re (i|X2p + Z2 + C + i/32(^', ^2)) 
= i|X2p + ReC+i(z;,X2) 
= i|X2 + ^f + ReC-ikp. 

Thus, 

ht(ffz) = [ReC - ikP] = i-Vpht(z). 

Lemma 3.10 shows that 

g{iC,v),g-'oo)^\\\X2\' + Z2 + C+^f32{v,X2)\'^' = \x\-'/'. 



Since = t "'^Z*, we have 



g{z,g ^oo) 



4 



ht(z) = t|xr2ht(gz) = ( ) ht(gz). 



3.3. Fundamental regions. A subgroup F of G is said to be of type (0) if 



□ 



fl e^iI{g)=D\ y int/(g). 

For a subset of G and let {S) denote the subgroup of G generated by S. Then S 
is said to be of of type (F), if for each z E D the maximum of the set 

{ht(gz) \ge{S)} 

exists. 
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Theorem 3.18. Let T be a subgroup of G of type ( O) such that rxFoo is of type 
(F). Suppose that Too is a fundamental region for Too in D satisfying 



.FooH Pi ext/(5) = J-ooH Pi ext/(g). 

Then 

T-.^TooO f] ext/(5) 
is a fundamental region for T in D . 

Proof. Since T is of type (O), the set P|{ext/(5) | g G rxFoo} is open. Then T^o 
being open as a fundamental region for Too in D yields that J- is open. 

Now let z S and g e r\{id}. If g S Too, then gz ^ Too since the Foo-translates 
of Too are pairwise disjoint. If g £ rxFoo, then z e ext/(p). Lemma 3.13 states 
that gz G int/(g~^), and hence gz ^ ext/(g~^). Thus, in each case, gz ^ T. This 
shows that the F-translates of T are pairwise disjoint. 

It remains to prove that D ■ T. To that end let z e Z) and set 

A:-P{ext/(.g) | .gG rxFoo}. 

Since Fx Too is of type (F), the set (FxFoo)^ contains an element of maximal 
height, say w. We claim that w € A. Seeking a contradiction assume that w ^ A. 
Proposition 3.12 yields the existence oi h £ FxFqo with w £ int/(/i). Then, by 
definition, 

g{w, h~^oo) < R{h). 

This and Lemma 3.17 show that ht(/iw) > ht(w), which is a contradiction to the 
choice of w. Thus, w G A. 

Since TooToo = D, there is fc G Foo such that kw G Too- Corollary 3.16 implies 
that kw G A. Finally, 



fcu; G J^oo n A = J^oo n P ext I{g) = T. 

This completes the proof. □ 
Remark 3.19. Let F be a subgroup of G and suppose that the set 

{int/(5) |5GF\Foo} 
of interiors of all isometric spheres is locally finite. Then 



y int/(,9)= U int/(g). 
by [20, Hilfssatz 7.14]. Lemma 3.11(iii) implies that 



C y int/(g) =C y int/(.9)U P Cint/(,9)= P ext/(.g). 

Hence, if the set of interiors of isometric spheres is locally finite, then F is of type 
(O). 

A special case of Theorem 3.18 is the following corollary. 
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Corollary 3.20. Let T be a subgroup of G of type (0) and Too = {id}- Further 
suppose that FxToo is of type (F). Then 

T:= fl ext/(g) 

is a fundamental region for T in D. 

The following proposition serves to show that in many situations the fundamental 
region in Theorem 3.18 is actually a fundamental domain (see Corollary 3.23 below). 

Proposition 3.21. Suppose that V = {0}. Then the set ext/(g) is geodesically 
convex for each g G GxGoo- 

Proof. Let 21,2:2 G ext/(g), 21 ^ 22. Then there exist S2 > si > and h Cz G such 
that 2i = hog-^ ■ 0]j and 22 = has.2 ' '^d- W.l.o.g. we may assume that h is either 
of the form h = n € N [ii h Goo) or /i = n'an € NaN (if h G GxGoo). The 
geodesic segment connecting zi and 22 is given by 

c := {hor ■ od \ si < r < 82}- 

In the following we will show that c C cxt,I{g) by examining separately the two 
cases for h. 

Suppose that g = niamatn2 with ni, n2 = (1, ^s) G A^, € A and m G M and 
r G [si, 52]- At first let /i = n = (1, Z) G A^. Then 

Q{na, ■ oo.g-^^) ^ Q{{r,Z),g-^^) = |Z, + Z + r|i/2 = + + r^)'/* 

> (|Z3 + Z|2 + s2)'/* = f?(na,, •Oi5,,g-icx)) > i?(g). 

Hence /la^ • oy) G ext/((;). 

Now let h = n'an G NaN with n' = {I, Z') and n = (1, ^). A straightforward 
calculation shows that 

g{har ■ OD,g~^oo) > R{g) ~ t^^^^ 

is equivalent to 

(13) 0<ar'^ + br^ + c 

where Z'^ -.^ Zs + Z' and 

a:=\Z'f-t-^ 

b:=l + 2\Z\^\Z'f - 2{Z, Z[) - 2\Z\h-^ 

c := \Z\W - 2\Z\^Z, Z',) + - \Z\H-\ 

Solving (13) separately for a = 0, a > and a < yields that it is satisfied for r. 
Therefore ha,. ■ od ^ cxt/(g). This completes the proof. □ 

Remark 3.22. Using the classification in of J^G-module structures and the 
statement [•'), Proposition 2.5.1] on the (non-)existence of totally geodesic subman- 
ifolds of codimension one in rank one Riemannian symmetric spaces we see that 
Proposition 3.21 in general becomes false if D 7^ {0}. 

Theorem 3.18 and Proposition 3.21 immediately imply the following statement. 
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Corollary 3.23. Let v ~ {0} and let T be a subgroup of G of type (O) such that 
rxFoo is of type (F). Suppose that Too is a convex fundamental domain for Too in 
D satisfying 

JooH Pi cxt I{g) = J^oo n Pi ext/((?). 

Then 

T:=Too^ Pi cxt/(.9) 
is a convex fundamental domain for T in D. 

4. Projective models 

The purpose of this section is to show that the existing definitions of isometric 
spheres and resuhs concerning the existence of isometric fundamental regions in 
literature are essentially covered by the definitions and results in Section 3. The 
reason for the reservation towards a confirmation to cover all existing definitions 
and results is twofold: On the one hand the author cannot guarantee to be aware 
of all existing results. On the other hand, at least for the real hyperbolic plane, 
the literature contains non-equivalent definitions of isometric spheres. Moreover, 
the existence results of isometric fundamental regions by Ford are proved for a 
weaker notion of fundamental region than the one used here. Section 4.7 contains 
a detailed discussion of the latter issues. 

Let (C, y, J) be a J^C-module structure. In Section 4.1 we introduce the struc- 
ture of division algebras on C following [16] and [15]. For C being an associative 
division algebra, we redo, in Sections 4.3 and 4.4, the classical projective construc- 
tion of hyperbolic spaces in terms of the J^C-module structure. A long part of 
Section 4.4 is devoted to a detailed study of the relation between the isomctry 
group G of the symmetric space and the natural "matrix" group on the projective 
space. This investigation will show that the matrix group is isomorphic to a certain 
subgroup G'^°^ of G. In Section 4.5 we use these results to provide a characteri- 
zation of the isometric sphere of 5 € G™*^ via a cocycle. In Section 4.6 we prove 
that a special class of subgroups F of C'''' are of type (O) with FxFoo being of 
type (F) and use Theorem 3.18 to show the existence of an isometric fundamental 
domain for F. Finally, in Section 4.7, we bring together these investigations for a 
comparison with the existing literature. 

4.1. Division algebras induced by J^C-module structures. Let (C, V, J) be 

a J^C-module structure. Suppose that V ^ {0} and fix an element v £ V\{0}. 
From (M3) and (M2) it follows that for each pair (C, ??) G C x C there exists a 
unique element t £ C such that 

J{C,JiV,v))^JiT,v). 

Hence, each choice v £ V\{Q} equips C with a multiplication •„ : C x C ^ C via 

C-vV-^T- ^ JiC,J{r],v)) ^ J{t,v). 

Equation (9) shows that the inverse of ^ g C\{0} is = |C|~^Cj independent of 
the choice of tj e y\{0}. The following properties of (C, -y) are shown in [15]. 

Proposition 4.1 (Proposition 1.1 and Corollary 1.5 in [15]). 
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(i) For each v e y\{0}, the Euclidean vector space C with the multiplication •„ 
is a normed, not necessarily associative, division algebra. 

(ii) The multiplication •„ on C is independent of the choice of v €z V\{0} if and 
only if (C, -y) is associative for one (and hence for all) v. 

We call the J^C-module structure (C, V, J) associative if {C,-y) is associative 
for some (and hence each) v G V^\{0} and otherwise non-associative. If (C, -y) is 
associative, we omit the subscript v of the multiplication •„. 

Remark 4.2. Only associative J^C-module structures arc modules in the sense of 
[-!]■ 

Remark 4.3. Suppose that (C, V, J) is an associative J^C-module structure. The 
classification in [I ?')] (or [Ki, Section 4]) shows that C is real or complex or quater- 
nionic numbers. 

4.2. C-sesquilinear hermitian forms. From now on let (C, V, J) be an asso- 
ciative J^C-module structure. Suppose that M is a (left) C-module. A map 
<f>: Af X M — > C is said to be a C-sesquilinear hermitian form if $ is C-hermitian 
and C-linear in the first variable, that is, if the following properties are satisfied: 
(SHI) <P{CiXi+ C2X2,y) = Ci^{xi,y) + (:2<^{x2,y) for all Ci,C2 e C and x,yeM, 
(SH2) <P{x,y) = $(y,x) for all x,y e M. 

A C-sesquilinear hermitian form $ is called non- degenerate if <&(toi, 0=0 implies 
that mi = 0. It is called indefinite if there exist mi, m2 G M such that $(mi, mi) < 
and cf>(m2,m2) > 0. 

Proposition 4.4. The map Pi: C x C C, (3i{x,y) := xy, is C-sesquilinear 
hermitian. Further Re/3i(x,y) = {x,y) for all x,y £ C. 

Proof. Obviously, f3i is K-bilinear. For each y G C, the C-linearity of /3i (•,?/) is 
exactly the left-sided distribution law of the division algebra C. To show (SH2) let 
x,y G C. From (7) it follows that 



r — 7* — T* T* — J J- — T - 



Therefore 



/3i(x,y) = xy = yx = (3i{y,x). 
Hence (3i is C-sesquilinear hermitian. Finally, polarization of I3i{x,x) = |xp (see 
(8)) over R implies the remaining statement. □ 

Remark 4.5. An immediate consequence of Proposition 4.4 is that conjugation and 
multiplication in C anticommute, i. e., xy = yx for all x,y G C. In particular, for 
a C-sesquilinear hermitian form $ on the C-module M we have 

<i>(ml,C"^2) = $('7ii,m2)C 



for all mi, m2 € M and all C G C. Moreover, we have $(m, m) = <I>(m, m) for each 
TO G M and therefore $(m, m) G K. 

Lemma 4.6. For a// C,ri,£^ G C we have {(,£,1]) = (CCi'7)- 
Proof. Let w G l/\{0}. Using (6) and (7) we find 

hence (C,^77) = (eC??)- □ 



30 



A. POHL 



Proposition 4.7. The map f32' V x V C is C-sesquilinear hermitian. 

Proof. Because of Proposition 2.11 it remains to show that (32 is C- linear in the 
first variable. Let v,u gV and C S C. Lemma 4.6 and (7) yield that for all G C 
we have 

{C(32{v,u),'q) = {(32{v,u),X'n) = (Cvu^v) = {iiuXv) = {l32{C,v,u),rf). 
Hence (^(32{v,u) = P2{Qv,u). □ 

A finite sequence (ui, . . . , w„) in is called an orthonormal C -basis of V if 
(CONl) \vj \ = 1 for each j € {1, . . . , n}, 

(C0N2) for each pair E {1, . . . ,n}^, i ^ j, the sets Cvi and Cvj are orthogo- 
nal, 

(CONS) if we use for each j G {1, . . . , n} the bijection C — > Cvj, ( i-^ (vj, to equip 
Cvj with the structure of a Euclidean vector space and a C-module, then 
V is isomorphic as C-module and Euclidean vector space to the direct 
sum Cvj of the Euclidean spaces and C-modules Cvj, j = 1, . . . ,n. 

The following lemma yields that ^ is a free C-module. 
Lemma 4.8. There is an orthonormal C -basis ofV. 

Proof. Clearly, one finds a sequence (wi, . . . ,w„) in V which satisfies (CONl) and 
(C0N2) such that V is isomorphic as Euclidean vector space to Cvj. From 

Propositions 4.7 and 2.11 it follows that 

is an isomorphism (of Euclidean vector spaces) from V to Cvj. Let v E V, 

rj E C and suppose that v is isomorphic to (Ci^i, • ■ • , CnVn) € ®j=i ^'^j- Then 

n n n 

ijj{r^v) = ^l32{r]v,Vj)vj = ^ {r^(32{v,Vj))vj ^ r](^^ P2{v,Vj)vj^ = r]Tjj{v). 

This shows that ip is indeed an isomorphism of C-modules. □ 

4.3. The C-projective space Pc{E). Let (C, V, J) be an associative J^C-module 
structure. Further \eiW:=C®V be the Euclidean direct sum of C and V , and 
E:=C®W = C®C®V\)e that of C and W. We define a C-muhiplication on 
Ehy 

f C xE ^ E 

Because (C, V, J) is associative and hence a{Tv) = {aT)v for each v € V and all 
a,T £ C (or equivalently, since the definition of the product in C does not depend 
on the choice of v G X^\{0}, see Proposition 4.1), E becomes a C-module. Since 
y is a free C-module by Lemma 4.8, also E' is a free C-module. 

Two elements 2:1,22 of E'xiO} are called equivalent [zi ~ Z2) if there is r G C 
such that TZi = Z2. Note that r is actually in C\{0}. Then E being a C-module 
implies that ~ is indeed an equivalence relation on £'\{0}. The C-projective space 
Pc{E) of E is defined as the set of equivalence classes of ~, 

Pc{E) (i?\{0})/^. 
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endowed with the induced topology and the differential structure generated by the 
following (standard) charts: Let {vi, . . . ,Vn-i} be an orthonornial C-basis of V. 
Then E is isomorphic to C""*"^ both as Euclidean vector space and C-module. For 
each j = 1, . . . , n + 1 the set 

Ur-^{[{Cu---,Cn+i)]ePc{E) I 0^0} 

is open, and the maps tpj : Uj C" 

y.,([(Cl,...,Cn+l)]) :-C7'(Cl,...,0,---,Cn+l) 

are pairwise compatible in the sense that they are real differentiable (they are 
not C-diffcrentiable unless C is commutative). Here, Q means that Q is omitted, 
hence {d, . . . ,Q, . . . , z„+i) = (Ci, . . . , Q-iXj+i, Cn+i) G C". Obviously, the 
differential structure is independent of the choice of the orthonornial C-basis of V, 
and Pc (E) is a real smooth manifold of dimension n ■ diniK C. 

Let $ be a C-sesquilinear hermitian form on E. Recall from Remark 4.5 that 
$(z, z) G R for each z € E. Suppose that q is its associated quadratic form, that is 

E ^ R 
z i-^ $(z,z). 

Then we define the following sets: 

i?_($) := ((— cx), 0)) the set of ^-negative vectors, 

Eo{^) := q^^{0)\{0} the set of ^-zero vectors, and 

E^[(^) := (/^^((O, oo)) the set of (^-positive vectors. 

For each r e C and z e i^xjO} we have 

(14) q{Tz) = <f>(rz, Tz) = r<3>(z, z)t = (f>(z, z)tt = (j(z)|Tp. 

Lemma 4.9. Let ^ be a C-sesquilinear hermitian form on E. The set Pc{E) 
equals the disjoint union Pc{E^{^)) U Pc{E^){^)) U Pc{E+{<^)). 

Proof Clearly, Pc (E) = Pc {E^ ($)) U Pc {Eq ($)) U Pc {E+ ($)) . Hence it remains 
to prove that this union is disjoint. Suppose that q denotes the quadratic form 
associated to $. If we assume for contradiction that 

Pc{E^m)nPc{Eom)^%, 

then there are equivalent zi,Z2 G -ExjO} such that q{zi) < and (7(2:2) = 0. But 
then there is r G C\{0} such that 

0==g(z2) = g(rzi) = g(zi)|r|2 <0, 

which is a contraction. Hence Pc(i?_ (<!>)) n Pc{Eo{^)) = 0. Analogously we see 
that Pc(^-(*)) n Pc{E+{^)) = and Pc{E+{^)) n Pc{Eq{^)) =0. □ 

Let tt: i?\{0} Pc{E) denote the projection on the equivalence classes. Since 
C\{0} acts homeomorphically on i?\{0}, the projection tt is open. Further tt is 
continuous by the definition of the topology on Pc{E). 

Proposition 4.10. Let ^: E x E ^ C be a C-sesquilinear hermitian form, which 
is indefinite and non- degenerate. Then 

dPc{E^m)=Pc{Eo{'!>)). 
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Proof. Let U C Pc[E-{^)). All complements, closures, interiors, and boundaries 
of subsets of i?\{0} are taken in i?\{0}. At first we show that 

(15) C7r(Ca7r-i ([/))= at/. 

To that end let M := 7r"i([/). Then C7\/ = tt^^ (CC/). From tt being open and 
continuous it follows that (CC/)° = 7r((CAf)°). This yields 

^(Cm) =^((C7\/)°) = (Cf/)° = Cc7, 

hence C7r(CAf) = U. Again from tt being open and continuous we get U° = tt (M°). 
Therefore 

C7T{CdTr-\U)) ^Ctt (CdM) 

= C7r (C(MnCAf°)) 
= C(^ (Cm) U7r(A/°)) 

= Ctt (Cm) hCtt {m°) 
= I7nCc/° = du. 

Let q denote the quadratic form associated to $. Then q is smooth. Since $ is 
non-degenerate, is a regular value for gl^^io}- Hence i?o(^) ~ 'Z~^(0)\{0} is 
the boundary of the bounded submanifold (7^^((— oo, 0]) \ {0} and therefore also 
of £'_(<!>) = q^^{{—oo,0)). Then the statement follows from (15) and Lemma 4.9 
with [/ := Pc(^-($))- □ 

4.4. The C-hyperbolic spaces Pc(^^-(*i)) and Pc(i^-(*2)). Let iC,V,J) 
be an associative J^C-modulc structure. We define two specific non-degenerate, 
indefinite C-sesquilinear liermitian forms ^'i and ^'2 and consider the manifolds 
Pc{E_{'i>j)) defined in Section 4.3. For each space we choose a set of represen- 
tatives and a Riemannian metric on it such that Pc'(i?_(^i)) is essentially the 
ball model from Section 2.5 and Pc'(i?_(^'2)) becomes the Siegel domain model for 
hyperbolic space, which is essentially the model D from Section 2.4. 

We denote by GLc{E) the group of all C-linear invertible maps E ^ E. Set 

Ui^,,C) := {g e GLc(S) | Vzi,Z2 G E: ^,{gz^,gz2) = ^.{z^^z^)], 

and let Z{'^j,C) denote the center of U{^j,C). Recall that G denotes the full 
isometry group of B resp. D. In this section we establish a natural and explicit 
isomorphism between the quotient group PU(\E'j,C) := j,C)/Z{^ j,C) and a 
subgroup G^°^ of G. Moreover, we explicitly characterize G''°^. In Section 4.5, this 
isomorphism is used to show that the definition of isometric spheres in literature is 
subsumed by our definition. 

Let (3^: W ^ C ho the sum of j3i and /32, that is, 

!3z{{m,vi), {r]2,V2)) := Piim^m) + lh{vi,V2). 

We define the maps f. E x E ^ C {j = I, 2) by 

*i ((Ci, '71, ■f^i): (C2, '72,^2)) := -/3i(Ci,C2) + Piim^m) + P2{vi,V2) 

= -/3l(Cl,C2) +/33(('/l,t'l),('72,f2)) 
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and 

'^2{{Ci,m,vi), ((2,772,^2)) -/3i(Ci,?72) ~ /3i (771,(2) + (32{vi,V2). 
Let Qj denote the associated quadratic forms. For all {(,, w) = {(, rj, v) £ E we have 

q.iiCw)) = qi{{C,V,v)) = -ICP + \V\' + \v\' = -ICP + H'- 
Employing Proposition 4.4, we see that 

92((C,?7,«)) = -2Re/3i(C,77) + kl' = -2(C,??> + kP- 

Lemma 4.11. For j = 1,2, i/ie map is a C-sesquilinear hermitian form on E 
which is non-degenerate and indefinite. 

Proof. Propositions 4.4 and 4.7 imply that ^'j is C-sesquilinear hermitian. Suppose 
that there is (C, 77, v) £ E such that for all (cr, t,u) £ E we have 

«'i((C,r?,t;),(a,T,w)) =0. 

Propositions 4.4 and 2.11 show that 

Hence (?7, w) — (0,0). Further 

= *i((C,77,t'),(C,0,0)) =-|cP, 

and therefore ( = 0. This shows that 'I'l is non-degenerate. Suppose now that 
there is (C, r],v) G E such that for all (cr, t,u) £ E we have 

*2((C,7?,«),(a,T,w)) =0. 

Then 

= vi/2((c, 77,1;), (0,0, «)) = bp 

and therefore v — 0. Moreover, 

o = *2((C,7?,i;),(o,c,o)) =-|cp. 

Thus C = and analogously 77 = 0. Hence ^'2 is non-degenerate. Finally, for (any) 

V e y\{0}, 

gi ((1, 0, 0)) = -1 and gi ((0, 0, v)) = \v\'' > 0, 

g2((l,l,0)) = -2 and 92 ((0, 0, i;)) = > 0. 

Therefore, and ^'2 arc indefinite. □ 

4.4.1. Set of representatives for Pc{E^ (^i))- Proposition 4.10 shows that we have 

Pc(£^-(*,)) =^c(i?-(*,)) U Pc{Eo{^j)) 
for j e {1, 2}. If z = (C, w) e (^-i) U Eoi'ifi), then C 7^ 0. Therefore the element 
[z] £ Pc(i?-(*i)) UPc'(-E^o(*i)) is represented by (1, C^^^^"), and this is the unique 
representative of the form (1, *). If z G i?-(^'i), then 

This shows that 1 > Conversely, if w £ W with |wp < 1, then [(1,^)] is 

an element of Pc(-E_(^'i)). Recall the unit baU B = {w £ W \ \w\ < 1} in W. 
Then Pc{E_{^i)) and B are in bijection via the map 
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The same argument shows that i9Pc (5'i)) ~ Pc(£^o(*i)) is bijective to dB 
via this map. We define tb ■ Pc{E-{'i!i)) — > i? as 

Its inverse is 



In comparison with Section 4.3, we see that Pc{E^{'^i)) is a subset of Ui and 
Tb a restriction of ipi. Therefore, tb is a diffeomorphism between the manifolds 
Pc[E-{'i>i)^ and B, and also between the manifolds with boundary (E'- (^Pi)) 
and B. 

4.4.2. Riemannian metric on B. Since B is an open subset of the vector space W, 
we may and shall identify the tangent space at a point of B with W. We define a 
Riemannian metric ^ on _B by 

(X,Y) , {f33iX,p),MY,p)) 



Qip)iX,Y) := 



^ . Re ((1 - \p\^)l33{X, Y) + /3i(/?3(X,p), p^iY^p))) 



for all p G P and all X,Y Q TpB = W. Proposition 4.13 below shows that g 
essentially coincides with the Riemannian metric defined in (11). 

Lemma 4.12. Let x,y E W. Then (3^{x,y) — if and only if y € [Cx)^ . 

Proof. Let C^V^S, G C- Proposition 4.4 yields 

(C77,0 = Re/3i(C^,C) = Re {Cn) = Re (cWl) = Re/5i(C,^r;) = (CC??)- 

By Riesz' Representation Theorem we know that /33(a;, j/) = if and only if 

(f33{x,y),0 ^0 foralUeC. 

Supposing that x = {(,v),y = {rj,u) E C S) V, it follows from the definitions of f]^, 
(3i, P2 and the inner product on W that 

Hence f33{x, y) = if and only if y G (Cx)-^. □ 

Proposition 4.13. The map g coincides, up to a multiplicative factor of 4, with 
the Riemannian metric given by (11) on B. 

Proof. For p = and all X,Y e TqB we have 

miX,Y) = {X,Y) = \{X,Y)o-. 

Suppose that p = {C,v) £ P\{0}. We claim that the equivalence class Cp (see 
Section 2.5) coincides with the C-orbit C ■ p oi p. For C = this is obviously true. 
Suppose that C 7^ 0- For each r e C\{0}, we have rp = (r^, tv) and 
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er(p)(x,y) = f^ = i(x,rv 



Hence {C,v) ~ {tC,,tv). If t = 0, then = G Cp by definition. Conversely, 
suppose that {r],u) e Cp\{0}. Then 

Thus, (?7, u) eC -p. Clearly, Q e Cpr\C ■ p. This shows that Cp ^ C ■ p. 

Now let p e B\{0} and X, F e TpB. Suppose first that X,Y e {Cp)^. Then 
Lemma 4.12 shows that 

Suppose now that X £ Cp and Y G (Cp)^ (or vice versa). Then 

Finally suppose that X,Y E Cp. Then X = Tip and Y = T2p for some ti,T2 E C. 
From Lemma 2.12, Propositions 4.4 and 4.7 it follows that 

{X,Y) = Re/33(X,r) = Rcp3iTiP,T2p) = Re {tiP3{p,p)t2) = \p\^Rc{nT2) 

^\p\'{rur2). 



Then 



Q{p)iX,Y) 



{X,Y) , (/33(tip,p),/33(t2P,p)) 



^ bP(n,T2) {Tif33{p,p),T2f33(p,p)) 

(i-|pP)2 

_ ("^7 _ 1 / y V\ 

- (l-|p|2)2 - 

This completes the proof. □ 

4.4.3. Induced Riemannian isometries on B. Let ttb '■= tb o tt : B and 

suppose that g g C/(^'i, C). Since g is C-linear, it induces a (unique) map g on i? 
by requiring the diagram 

-B_(*i)^^^_(«'i) 



B >- B. 

to commute. Our next goal is to show that each such induced map is a Riemannian 
isometry on B. 

To simplify proofs wc fix an orthonormal C-basis B{V) :~ {vi, . . . , for V. 

Then B{E) := {ei, 62, . . . , e„+i}, given by 

ei:- (1,0,0), 62 1= (0,1,0), (0, 0, Wfe-a) for fc = 3, . . . , n + 1, 

is an orthonormal C-basis for E. In the following we will identify each element in 
E, W and V, and each map g e U{'^i, C) with its representative with respect to 
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B{E). Since E \s & left C-niodule, the representing vector of z e is a row, and 
the application of a map g & U (^'i, C) to z corresponds to the multiplication of the 
row vector of z to the matrix of g (and not vice versa, as usually in linear algebra). 
Further we use the notation z* for (the conjugate transpose of z). 

Lemma 4.14. Let v — {d, . . . Xn-i),u ~ [r]!^ ■ ■ ■ iVn-i) V =^ C'"-^^ . Then 

n~l 

Proof. Let Vj,Vk G I3{V). If j = k, then /32(t'j, Wfc) = K'jP = 1- If j 7^ fc, then is 
orthogonal to Cvk, hence 

for each £, G C, hence (32{vj, Vk) = 0. The claim now follows by the C-scsquilinearity 

0f/?2. □ 

Remark 4.15. Let g e [/(^'i,C) and suppose that 

fa b 

w.r.t. to B{E), where a e C, b,c e C" and ^ G c'»xn_ rpj^g^^ ^j^^ induced map 
g: B ^ B is given by 

(16) g{p)^{a+pc^r\b + pA). 

Further, the representing matrix of is ( ~^ ^ ) , where / denotes the nxn identity 
matrix. Since g preserves 'I'l, we find the conditions 

'-1 \ _ f a b\ f-1 \ fa c 
I ^ A [ I [b* A* 



(17) 

on the entries of g. 



-|a|2 + |6|2 -ac + bA* 
-c'^a + Ab* -c^c + AA* 



The following proposition is proved by a long but straightforward calculation. 
We omit this proof here. 

Proposition 4.16. Let g G U{^i,C). The induced map on B is a Riemannian 
isometry. 

In the following we will determine which elements in ?7(5'i, C) induce the same 
isometry on B. We denote the center of C by Z{C) and set 

Z'{C) :={aGZ(C) I |a| = l}, 

which are the central elements in C of unit length. Further we let ^(^"1, C) denote 
the center of U{^i,C). 

Lemma 4.17. We have Z{^i, C) = {aid^ | a G ^^(C)}. 

Proof. Clearly, {aids \ a G Z^{C)} C Z(5'i,C). For the converse inclusion relation 
let 
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For each d G C, \d\ = 1, and each matrix D E (7"X"^ DD* — I, the matrix 



h 



D 



is in C/(^'i, C). So necessarily, 



ad bD \ f da db 

c'd Ad)=^^^ = ^^=\Dc' da 

The left upper entries show that a e Z{C). Choosing different values for c?, but the 
same (invertible) D, we find 5 = c = 0. li D runs through all permutation matrices 
and all rotation matrices, then we see that A is a diagonal matrix diag(a;, . . . ,x) 
with X e Z{C). By (17), |a| = 1 = |a;|. Then 
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heih=[^-y ^ ) e U{^i, C). Then 



a 
xl 



ad au\ , , (da ux\ 
vw-^ xB)=^'' = ''^=[w^a Bx) 



Therefore au = ux = xu. For u 7^ it follows that a = x. Hence g = aid^ for 
some a gZ1(C). □ 

Proposition 4.18. Let .91,52 G C^(^i,C). Then gi and 52 induce the same isom- 
etry on B if and only if gih = 92 for some h E Z{'^i,C). 

Proof. It suffices to show that exactly the elements in Z(^'i, C) induce ids. Let g 
be an element of U{'^i, C) and suppose that 

a b 
A 

w.r.t. B{E), where a G C, 5, c £ C" and A e C"^". Then the induced isometry 
on B is 

' B ^ B 



^' { p ^ {a + pc^y^{b + pA). 
Suppose that g = ids . Then 

= g{0) = a-\ 
which yields that 6 = and, by (17), \a\ = 1. Hence 

fa 

^-[e- A 

Now (17) shows that = — ac, which implies that c — 0. Thus, 

g{p) = a^^pA 

for all p E B. Suppose that A = (a^ )i Let j G {1, . . . , 71} and consider the 
vector p = (pi)i=i,...,„ with pj = i and Pi ~ for i ^ j. Then p E B and 

P = 9{p) = ^a^^iaji, . . .,%■„). 
Therefore = for i 7^ j and Ojj = a. This shows that A ~ al. 
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Now let C G C with |C| < 1. Then (C, 0) £ B and therefore 

(C,0)=5(C0) = a-i(C,0)a. 

Hence aC = ^a. By scaUng, this equaUty holds for all E C. Thus a E Z^{C), which 
yields that g G Z{^i,C). Conversely, each element of C) clearly induces ids 

on B. □ 

Let 

PU(*i,C) C)/Z('J'i,C) 

and denote the coset of g G C^(^i, C) by [g]. As before we use the notation g for 
the isometry on B induced by g G [/(^'i,C). Recall that G is the full isometry 
group of B. 

Corollary 4.19. The map 

r pu(^i,c) ^ G 

\ [g] - 

is a monomorphism of groups. 

The next goal is to characterize the subgroup of G to which PU(5'i,C) is iso- 
morphic. For this it is most convenient to work with the space Pc(£'-(^2))- 

4.4.4. Set of representatives for Pc{E-{^2))- If ^ = iCViV) G £'-(^'2), then 
0>q2{iC,V,v))^-^-{C,v) + \v\^ 

which shows that C 7^ 0. Thus, [z] e Pc (-E- (^'2)) is represented by {1, (^^vX^^v) 
and this is the unique representative of the form (1, *, We note that 

> q2{{l,C'v,C'v)) = -2(1, rN) + IC'vf = -2Re(r^) + \C'v\\ 

and therefore 

Re(rS) > i|r'«p. 

Hence, if we define 

H := {(r,u) e C©y I Re(r) > ^H^}, 

then 

Conversely, if (T,it) e H, then [(l,r,u)] G Pc(£^-(^'2)). 

If z = (C, 77, u) e £;o(*2), then either ( 7^ or z = (0, 77, 0) with 77 7^ 0. Applying 
the previous argumentation we see that the set of elements in Pc(Po(^2)) which 
have a representative (C, rj, v) G £^0(^*2 ) with is bijective to 

{(r,w) e C©y I Re(r) = 

via 

If z = (0, 77, 0) with 7; 7^ 0, then [z] is represented by (0, 1, 0). Let 
i?" := {(T,7i) G C©y| Re(T) > i|7ip}u{oo} 
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denote the closure of H in the one-point compactification (C© U {00} oi C ®V . 
Then the map th ■ Pc{E_{^2)) ^ Tl^, 

\oo if C = 0, 



th{[{(:,v,v)]) 



is a bijection with inverse map 

r^^M^ [(0,1,0)] tJ,\t,u) = [{1,t,u)]. 

Since th\pc(e_(<S!2)) ^ restriction of the chart map Lpi from Section 4.3, th is a 
diffeomorphism between Pc{^E-{^2)) and if. 

4.4.5. Riemannian metric and induced isometrics on H . Recall the model D from 
Section 2.4. The map 

/3: < 00 > 00 

i (Ci') ^ (C,V2«) 

is clearly a diffeomorphism between the manifolds H and D with boundary, and 
hence a diffeomorphism between H and D. We endow H with a Riemannian metric 
by requiring that /3 be an isometry. 

Let tth ■= thott: iJ_(\l/2) — > H. As before, each 5 G U{'i/2, C) defines a (unique) 
map g on H which makes the diagram 

i;_(*2)^^S-(*2) 



H 

commutative. 

Let Z(*2, C) denote the center of J7(4'2, C) and set 

PU(*2, C) := U{^2, C)/Z{^2, C). 
In the following we will use the results from the previous subsections to show that 
PU(^'2,C) is isomorphic to a subgroup of the full isometry group G of H. We 
consider the map 

j E E 
Then T is C-linear and invertible with inverse map T^^ : E ^ E, 

T-\C, V, v) = (71 (C + v), 7i(-C + v),v) . 

The following lemma is shown by a straightforward calculation. 

Lemma 4.20. The map T transforms ^'2 into "i/i, i. e., '$2°{TxT) = "^i. Further, 
we have T{E^{^i)) = E_{^2) and T(£'o(*i)) = Eq{^2)- 

Proposition 4.21. The map 

[/(*!, C) ^ U{^2,C) 

g 1-^ T o g o T^^ 
isomorphism with A(Z(^'i, C)) = Z{^2-, C). 



A: 
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Proof. Let g e U{^i,C). Since T e GLc{E), wehayeX{g) G GLc(-B). Lemma 4.20 
shows that 

^-2 o {TgT-^ X TgT-^) =^20 {T xT)o [gT-^ x gP-^) 

^^10 [g X g) o (T-i X T-^) =^io (T^i X T^i) 

Hence X{g) £ U{^2, C). Clearly, A is an isomorphism of groups, which shows that 
A(Z(*i,C)) = Z(*2,C). □ 

For the proof of the following proposition recall the Cayley transform C: B ^ D 
from Section 2.8. For each C, £ C\{1} wc have 

(1 - c)-'(i + = ii - cr'(i - 0(1 + = ii - cr'(i - c + c - icn 
= ii-cr'(i+2imc-icn. 

Hence 

c(c,z;) = (i-C)-'(i + C,2«). 

Proposition 4.22. Let g G U{'^2, C). Then the induced map Ij on H is an isom- 
etry. Further, the map 

PU(^2,C) -> G 
[9] 9 
is well-defined and a monomorphism of groups. 

Proof. The map T induces the map f : Pc{E^{-^i)) Pc{E^{-^2)) given by 

and the map T: B ^ H given by 

f rff(f[(l, ,7, tO]) = ([^(1 - r;), ^(1 + r;),«]) 



.7*2 



TH 



[[{lAl-v)-\l+ri),{l~v)-'V2v)\) 



= (l-?7)-i(l+77,x/2w). 

Therefore, T = j3^^ oC. From Propositions 2.9 and 4.13 it follows that the isometry 
group of B and that of H arc identical. Then Propositions 4.16 and 4.21 imply 
that for each g G U{'^2,C), the induced map g is an isometry on H. Moreover, 
Proposition 4.21 shows that A factors to a map 

A: PU(«'i,C) ^ PU(1'2,C). 

Recall the map j^-^ from Corollary 4.19. Then the diagram 

PU(*i, C) ^ PU(^2, C) 




G 

commutes, which completes the proof. □ 
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4.4.6. Lifted isometrics. In this section we determine wliicli isometries on H are 
induced from an element in C/(^'2,C). To that end we need exphcit formulas for 
the action of an clement g (z G on H, which are provided by the following remark. 

Remark 4.23. Let g G G. Section 2.8 provides explicit formulas for the action of g 
on D. Using the isometry j3: H D, the action of g on H is given by 

(3~^ o go (3: H ^ H. 

Evaluating this formula, wc find the following action laws. For the geodesic inver- 
sion a we have 

For fls e ^ we get 

For n = w) e it follows 

For m — {if, ip) e M we have 

Proposition 4.24. A representative of in C/(^'2,C) is 

9{C,V,v) = (77,C,-w). 
Proposition 4.25. Let Og £ A. Then 

g{(:,V,v)= [s-'/\,s'^'ri,v) 

is a representative of Os in [/(^'2,C). 

Proof. Obviously, g is C-linear and induces Og on B. Further 

*2(5(Cl,m,^'l),5(C2,772,W2)) =1'2((s-l/"Cl,s'/'?7l,t'l),(s"'^'C2, 5^/2,72, f2)) 

= -S-l/'Cl^sl/^ - + f32{vi,V2) 

= -Cl??2 - ??lC2 + f32{vi,V2) 
= 1'2((Cl,77l,«l), (C2, '72,^2)) • 

Hence .g € ;7(^'2,C). □ 
Proposition 4.26. Let n — (^, w) £ N. A representative of n in U{'i>2, C) is 
5(C, ^, v) = (C, C (e + ikf ) +V + -^P2{v, w), + ri) . 
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Proof. The map g is clearly C-linear and induces n on B. To see that ^2 is g- 
invariant, we calculate 

*2(5(Ci, '71, "^i), 5(C2, ?72, -^2)) 



Ci, Ci + ikP) + VI + 75/32(^1, w), ^Ciw + I'l) , 

(C2, C2 + ikP) + m + -^I32iv2,w), ^C2W + V2 



= -Cl [H+j\w\^)C2+V2 + ^f32iw,V2) 

- Cl + ihl') + ??1 + 75/32(wi, W)] C2 + P2 ClW + Wl, ^C2«^ + V2 

= Ci^G - iki'CiG - Ci^2 - ^Ci/32(«^,t'2) - Ci^G - ikl'CiC2 

- V1C2 - 7f/32(«l,HC2 + 5l^l'ClC2 + -j^ClP2{w,V2) 
+ 75/32(^1, U')C2 +/32('yi,W2) 

= *2((Cl,'?l,^^l), (C2,?72,W2))- 

This completes the proof. □ 

The remaining part of this section is devoted to the discussion which elements of 
M have a representative in U{'^2,C). The situation for M is much more involved 
than the proofs of Propositions 4.24-4.26. In particular, it will turn out that in 
general not every element of AI can be lifted to U{'i>2, C). 

Lemma 4.27. Let m = (tp, ip) G M and suppose that tp is an inner automorphism 
of C . Then 

{/32(V(i'i),'/'(f2)) \vuV2eV}=C. 

Proof. Let a G C\{0} and suppose that (y3(C) = a~^(a for all ( E C. Choose v E V 
with I II I = 1. For each ^ G C wc find 

/32(^(aCa-i«),^W) =/32(^(aCa-')V^(«)X«)) -/32(CV^(«)X«)) 
= C/32(^W,V'M)=CIV'WI' = Cbl' 
= C 

Therefore 

C C {(3^{ij{vi),ijiv2)) I Vi,V2eV}. 
The converse inclusion relation clearly holds by the range of /32. □ 

Let iH-.Tl^ i?-(*2) U E^{'^2) be any section of 

Let g € G and recall from Proposition 2.14 that g extends continuously to . If 
the element g G C/(5'2,C) is a representative of 5, then the diagram 



£;_(^'2)u£;o(*2) 



■£;_(*2)ui;o(i'2) 
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commutes. We will make use of this fact in the proof of Proposition 4.28 below. 
For convenience we define iu by 

(18) 4^(00) := (0, 1,0) and 1^(77, 1;) (1, 77, w). 

Proposition 4.28. Let m — {ip,'il') G M. Then there exists a representative of m 
in U{'^2,C) if and only if if ~ id. In this case, 

g{(,r],v) = (C,?7,-0(u)) 

is such a representative. 

Proof. Suppose first that m = (93, tp) with ip ~ id. We will show that 

r E E 

is an element of [/(5'2,C). To that end let (Ci, J?!, wi), (C2, ^727 ^'2) S E and C G C. 
Then 

5(C(Ci,m,^^i) + (C2, '72,^2)) = (CCi + C2,Cf?i + ?72, V'(Ci'i + ■^2)) 

= (CCl,Cm,^(C«l)) + (C2,??2Xt'2)) 

= (CCi,C?7i,</'(C)V^(wi)) + .9(C2, '72,^2) 

= (CCi,C?7i,CV'(wi)) +5(C2,?72,'f2) 

= C9(Ci,'7i,'fi) + .g(C2,?72,f2)- 

This shows that g is C-lincar. The map g is obviously invertible, hence g G GLc(i?). 
Lemma 3.14(ii) implies that 'I'2 is invariant under g. Hence g E U{'i>2, C). Clearly, 
g induces m. 

Suppose now that m = {ip, tp) G M and that there is a representative g of to in 
U{'^2i C). We have to show that ^p = id. Since 7ti(0) = 0, it follows that 

5(*h(0)) =g(l,0,0)G7r^i(0) = (C\{0}) x {0} x {0}. 

Thus, there is a G C\{0} such that g(l,0,0) = (a, 0,0). Further m{oo) = 00. The 
same argument shows that there is 6 G C\ {0} such that 

.g(zH(oo)) =5(0,1,0) = (0,6,0). 

Then for each C G C' with Re C > we have 

(^(0,0) = to(C, 0) = TTH {g{iH{C, 0))) = 7TH (g(l, C, 0)) = tth ((a, C^, 0)) 

= {a-\b,0). 

Thus ip{C) = a-^Cb for all C G C with ReC > 0. Now 

1 = ip{l) = a-^b 

and therefore b = a. Hence (p{C) = a^^Co- for all C G C with Rc^ > 0. Suppose 
now that {r],v) G is arbitrary. Then 

g{-iH{v, v)) = 5(1, V, v) = g{l, V, 0) + .g(0, 0, v) 

= (a, 77a, 0) + (cr, T,u) = {a + a + i]a + t, u) 
where (cr, r, u) depends only on v. From 

(a~^77a, ip{v)) = {ifiir]), '(/'(«)) = 7r_H-(a + cr, 7?a + t, u) 
= {{a + (jy^iva + r), (a + cr)"^^) 
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it follows that 

a~^r]a = (a + G)^^rja + (a + (j)^^t 
for all 7? with Rc(?7) > \\v\^ . Pick fc e M with k > Then 

k — a^^ka = k{a + a)^^a + (a + a)^^T 

and 

2k = 2k{a + <7)~^a + {a + cr)- V. 
Solving this system for a and r, wc find a = t = 0. Hence 

g{l,ij,v) ^ {a,i]a,atp{v)). 
Since g has to be C-linear, it follows that 

9{C,V,v) = {Ca,T]a,atp{v)) 

for all {C,r],v) G iJ. We derive further properties of a. Let v G y\{0}. Then p 
being in C/(*2, C*) yields that 

=<Z2 ((0,0, ^;)) =<Z2 (5(0,0, ^;)) = |a7A(«)P = \a\'mv)\^ = Wl'mi^ 
hence |ap = 1. Again using that g e U{'^2, C) we find that for all vi,V2 £ V 
P2 (V'(^^i), V'(«2)) = *2 ((0, 0, (0, 0, z;2)) 

= *2 (g(0, 0, 7;i), 5(0, 0, V2)) - *2 ((0, 0, aV(«i)), (0, 0, aV;(i'2))) 
= /32 (a?/'(wi), a?/'(w2)) = a/32 (^(wi), V'(«2)) a 
= af32{'ip{vi),ip{v2))a~'^ . 

Before we can apply Lemma 4.27 we have to show that iy9(C) = a~^Ca for all C, £ C . 
Let C G with Re C < and consider the decomposition C = Ci + C2 with G R 
and C2 S C . Then the R-linearity of tp yields 

<^(C) = <p(Ci + C2) = <^(Ci) + '^((2) = -<^(-Ci) + ci-\2a 

~ — a^"^(-Ci)a + a^^C2a ~ a^'^Qia + a^'^C,2a = a^"^(Ci + C2)a = a^'^Qa. 
Then Lemma 4.27 implies that a £ Z{C). Therefore if = \d. □ 
We set 

M"*^ := {{if, i') e A/ I 95 = id} and G"<='' iVaA/'<='^AiV U Ar'^'AN. 

Further we define a map LpH ■ G'^'^^ PU(^'2, C) as follows: For g = (7,geA,geN 
or 5 G A'P^^ we set (pnig) '■= [5], where 5 is the lift of 5 as in Propositions 4.24, 
4.25, 4.26 or 4.28, resp. For g = n2(Jmasni € NaM'^'^'AN wc define 

(19) V^nig) ■= VH{n2)(fHicr)ipH{m)ipH{as)(pH{ni), 

and likewise for g = masTi S M'^'^^AN we set 

VH[g) ipH{m)ipH{as)(pH{n). 

In other words, we extend ipn to a group homomorphism. Since the Bruhat de- 
composition of an clement 5 S G^'°^ is unique and the Bruhat decomposition of C'^^ 
can be directly transfered to PU(5'2,C), the map (fH is indeed well-defined. By 
our previous considerations, ipH is even a group isomorphism. 

The following remark shows that is not necessarily all of M. 
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Remark 4.29. The classification [1">, Theorem 3.1] of division algebras arising from 
associative J^C- module structures (C, V, J) shows that C is either real or complex 
or quaternionic numbers. In the following we show that M = AP'^^ for C = R, but 
M ^ M"*^ for C = C or C = H (quaternions). 

(i) Let C = M and suppose that m = G M. We claim that (p = id. Since 

: R ^ R is a norm-preserving endomorphism of R, the map tp is either id or 
— id. Assume for contradiction that = — id. Let {(,v) G C x V such that 
C 7^ and t; 7^ 0. Then 

Hence m ^ M . This is a contradiction and therefore — id. 

(ii) Let C = C = and suppose that (p ^ -^^ are complex conjugation. For all 
elements (C, w) G C © 1/ = we have Lp{C,)il}{v) = = C**^ = ip{Cv). Clearly, 
tp, ip are R-linear endomorphisms of the Euclidean vector space C. Therefore 
TO = (^3,-0) e A/, but m ^ A/™". 

(iii) Let C = H = Define ip: C C ^-.Y by 

Lp(a + ih + jc + /jrf) := a — ib — jc + fed 
'(/'(a + ib + jc + kd) := —a + ib + jc — kd 

for a -\- ib + jc + kd € H. Clearly, ip, ip are R-linear endomorphisms of the 
Euclidean vector space H. We claim that J o [ip x t/j) ~ ip o J. To that end 
let C = fli + i&i + jci + kdi G C and f = 02 + 262 + jc2 + fc(i2 G V . Then 

= aia2 — 6162 — C1C2 — did2 + 1(0162 + ^102 + Cid2 ~ diC2) 
+ j(aiC2 - ^1^2 + cia2 + ^162) + Haid2 + 61C2 - 0162 -f c?ia2). 
Therefore 

ij;{(^v) = — aia2 + 6162 + C1C2 + ^1^2 + i{aib2 + bia2 + £1^2 — rfiC2) 

+ j(aiC2 - ^1^2 + Cia2 + ^162) + k{-aid2 - 61C2 + C162 - ^102). 
On the other side we get 

p{C,)'4){v) = (ai — z6i — jci + fcdi)(— 02 + i&2 + ic2 — ^^2) 

= -aia2 + 6162 + C1C2 + did2 + i{aib2 + &ia2 + Cid2 - diC2) 
+ j(aiC2 - 61^2 + Cia2 -I- 6(162) + k{-aid2 - 61C2 -|- C162 - c?ia2) 

Therefore, m = ((/3,i/') G A/, but m ^ Af"^ 

4.5. Isometric spheres via cocycles. For an element g G G'^^'xGoo, we give 
a characterization of the isometric sphere and its radius via a cocycle. Using the 
isometry /? : H ^ D wc find for the height function on H the formula 



and for the Cygan metric {zj ~ iCj^^j)) 
(20) 

g"{zi,Z2)= ikiP + i|«2p+ ht^(zi)-ht^(z2) +ImCi-ImC2-/?2(vi,«2) 
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The basis point in H \s = (1, 0). The horospherical coordinates of z G i/^\{oo}, 
z — (C, v), are 

(ht^(z),ImC,^«)^. 

In the following we derive a formula for isometric spheres which uses a cocycle. 

Let Z^{C) act diagonally on E and suppose that tt^^^ : E — *■ E/Z^{C) is the 
canonical projection. Further set 

ttW ■.= th otto (^(1))"' : (£;_(vI/2) U Eoi^2))/Z\C) ^ i?^ 

Recall the section in of Tr/f from (18) and set 

Further recall the isomorphism ipn ■ G^'°^ — > PU(^'2, C) from (19). For each g € G™'' 
the map tpnig)- E E induces canonically a map E/Z^{C) E/Z^{C), which 
we denote by ipnig) as well. For all g G C^*^ the diagram 

E/Z^{C)^^^E/Z^C) 



h' — ^h' 

commutes, but the diagram 

E/Z^{C)^^^E/Z^{C) 



h' — ^h' 

in general not. The second diagram gives rise to the cocycle 

j: G''' xH^^C/Z^C) 

defined by 

VHig){i^H\^)) =j{g,-MH\9z) WgeG^'^^yzeH' 

Lemma 4.30. Let g = n2(Tmatni ^ G'^'^^-^Goo- Then 

j(g"\oo) = t^/^ modZi(C). 



Further, R{g) = \j{g ^",00) 



'1/2 



Proof. Suppose that ni = {^i,wi). From rij ^ = (^■^i, — wi) and g ^ = ^cratr 
it follows that 



Further 

^H{g-'){^H{oo)) = (<V2^ii/2(_^^+ i|^^|2)^„_i^,i/2^^^ modZi(C). 

Hence j(g-\ 00) =ti/2 mod ^^(C). Then R{g) = t-^/'^ ^ \j{g'\oo)\~^^^ . □ 
Proposition 4.31. Let zi,Z2 G H^\{oo}, zj = {Cj,Vj). Then 

g"izi,Z2) = 1*2(^^(^1), «h(22)) +2 min(ht^(zi),ht^(z2))r^'. 
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Proof. For all fci, fc2 G M we have 

fci + ^2 - 1^1 - fe| = 2min(/si, ^2). 
This and the definition of 'I'2 show that 

*2 ( iff (21 ) , iff (2:2 )) +2 min ( ht^ (zi ) , ht^ (za )) 

*2((1, Ci, t-i), (1, C2, t'2)) + ht^(zi) + ht^(z2) - |lit^(2i) - ht"{z2) 
- C2) - /3i(Ci, 1) + /32(«i, t'2) + iit^izi) + ht^(z2) - |lit^(zi) - ht^(z2) 

Cl - ht«(zi) + C2 - ht''(z2) - f32{vi,V2) + ht^(zi) - ht^(z2) 



Since 



and 



Cl - ht^(zi) = Cl - ReCi + iK'iP = ImCi + ^ 



□ 



C2 - llt^(z2) = C2 - RCC2 + i 1X^2 I' = -ImC2 + h\v2\ 

it follows that 

*2(jH(^i),Jff(^2)) + 2min(ht^(zi),ht^(z2) 

= i|wiP+ImCi + i|v2p-IniC2-/32(t'i,t'2)+ ht^(zi)-ht^(z2) 

Since {zi, Z2) is nonnegative, the claim follows. 

For the proof of the following proposition we note that the map 
-,(r)(E/Z^{C)xE/Z\C) ^ C/Z\C) 

\ ([21], [^2]) ^ [^'2(Z1,Z2)] 

is well-defined. In particular, we have 

1*2'' (N.N) I = 1*2(21, ;22)| 
for all zi,Z2 G E. Further, let 

dgH:^{{C,v)eC®V\ Re(C) = ibP}u{oo} 
denote the boundary of H in . 

Proposition 4.32. Let g £ G^'^'^ \Goo and z £ \ {00, 00} . Then 

\jig,zr' = \j{g-\oor'g"iz,g-'oo) = ^^fg^'""^ ■ 

Proof. The second equality is proved by Lemma 4.30. For the proof of the first 
equality recall from Proposition 4.31 that 

1/2 

g"{z,g-^^) = ^2{tHiz),iHig'^^)) + 2nim {U" {z)M" (g-^^)) 
From g^^oo E 9gi7\{oo} it follows that ht(g^^oo) = 0. Hence 
g{z,g~^oof = l^if 2 {i H{z),iH{g^^ 00)) \ . 
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Suppose that gz = {Civ). Then 



*2(*ff(,g^),iHM) =*2((i,.92), (0,1,0)) 

= -/3i(l,l)-/3i(C,0) + /?2(z;,0) = -l. 

It follows that 



^i'\^'•H\^),J{9-\oo)ipHig-'K\oo)) 



\j{g-\^)\-' ^i'^^j^^zl^Hig-VH^^)) 
\jig-\oo)\-'\¥,'\^H{gy^H\^l^H\°°)) 

oo)ri|j(g, z)\ \-^2{ih{9z),ih{oo)) 
\j{g-\^)\-'\j{g,z)\. 



This proves the claim. 



□ 



Proposition 4.33. Let g e C'^'^xGo 



Then 



I{g)^{zeH\\j{g,z)\^l}, 
extI{g) = {zeH\\j{g,z)\>l}, 
mtI{g)^{zeH\\j{g,z)\<l}. 

Proof. This claim follows immediately from comparing Definition 3.9 and Proposi- 
tion 4.32. □ 



4.6. A special instance of Theorem 3.18. The most frequent appearance of 
isometric fundamental regions in the literature is for properly discontinuous sub- 
groups r of C*"* for which oo is an ordinary point and the stabilizer Too is trivial. 
We show that under these conditions T is of type (O) and Fx Too of type (F). 
Theorem 3.18 implies the existence of an isometric fundamental region for F, which 
will be seen to actually be a fundamental domain. 

Definition 4.34. Let ?7 be a subset of and F a subgroup of G. Then F is 
said to act properly dis continuously on U if for each compact subset K of U , the 
set K n gK is nonempty for only finitely many g in F. The group F is said to be 
properly discontinous if F acts properly discontinuously on H. 

Definition and Remark 4.35. Let F be a properly discontinuous subgroup of G 
and z Cz H. The limit set £(F) of F is the set of accumulation points of the orbit 
Tz. Since F is properly discontinuous, L(T) is a subset of dgH. The combination 
of Propositions 2.9 and 1.4 in [0] shows that L{T) is independent of the choice of z. 
The ordinary set or discontinuity set r2(F) of F is the complement of L(T) in dgH., 
hence n{T) := dgH\L{T). 
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Remark 4.36. Let g,h E G"'°*' and z e . Since (pn is a group isomorphism and 
if nig) is C-linear. it follows that 

ipH{gh){iH{z)) = ^H{g) {ipH{h){iH{z))) 

= fH{9){j{h,z)iH{hz)) 

^ j{h,z)LpH{g){iH{hz)) 

= z)j{g, hz)iH{hgz). 

Further, 

fHi9h){iH{z)) = j{gh,z)iH{ghz). 

Thus, 

j{gh,z) = j{h,z)j{g,hz). 

The proof of the following lemma proceeds along the lines of [10, Section 17]. 

Lemma 4.37. Let T be a properly discontinuous subgroup of G^'^'' such that T^o = 
{id} and oo £ f^(r). Then 

(i) the set of radii of the isometric spheres of T is bounded from above. 

(ii) the number of isometric spheres with radius exceeding a given positive quantity 
is finite. 

Proof. We start by proving some relations between radii and distances of centers 
of isometric spheres. Let g,h £ Fx Poo such that g ^ h~^. The cocycle relation 
shows that 

= j(3~^oo)i('^"^5"^oo)■ 
Proposition 4.32 yields 

|,((5/^)-\oo)r^/^ = |j(5-\oo)ri/^|,(/^-\.9-^oo)rV^ 

= \jig-\oo)\-'/^\j{h, oo)|-i/2e«(g-ioo, /ioo)-i. 
Note that gh ^ id and therefore gh ^ Too. Then Lemma 4.30 shows that 

(21) «w - yr;''v 

Using the same arguments, wc find 

i(ff"\oo) ^ j{h{gh)~^,oo) = j{{gh)~ '^,00) j{h,{gh)~'^ oo) 
and therefore 

R{g) ^ \j{g-\^)\-'^^ = \j{{gh)-\^)\-'^'\j{h, {ghy^^)]-'^' 

(22) ^Righ)\j{h,ighr'c^)\-'^\ 
Proposition 4.32 shows that identity 

(23) \j {h,{gh)-^ oo)\^^'^ = R{h)-^ g"{{gh)-^ 00, h-^ 00). 
Because R{h) = R{h-^), it follows from (21)-(23) that 

g"{{gh)-'oo,h-'oo) = \j {h, {ghy^oo)]'^' R{h) = ^^^^ 
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Since F is properly discontinuous and oo G f^(r), [ Proposition 8.5] shows that 



there exists an open neighborhood U of cx) in H" such that (Fx Too) C H'' \U. 
Since H \U is compact, we find m > such that 

{aoo, boo) < m 

for aU a, 6 e rxToo- Then (24) shows that 

(25) R{hf = g"{{ghy^oo, h-^oo) g" {g-^oo, hoo) < . 

Thus, for each a € Fx Too we have R[a) < to, which proves (i). 

Now let fc > and suppose that there are a,6 G rxFoo such that /(a) ^ I{b^^) 
and R{a),R{b) > k. Since a ^ b~^, (2f) shows in combination with (25) that 

^,1 , . R{a)Rib) e 
R(ab) TO 

This means that the distance between the centers of isometric spheres whose radii 
exceed k is bounded from below by k'^/m. The centers of all these isometric spheres 
are contained in the compact set dgH\U, which is bounded in C x and hence 
also w. r.t. g^ . It follows that there are only finitely many spheres with radius 
exceeding k. This proves (ii). □ 

Proposition 4.38. Suppose that T is a properly discontinuous subgroup of G^'^" 
such that Too ~ {id} and oo G f^(F). Then F is of type ( 0) and FxFqc of type (F). 
Moreover, 

T:^ fl ext/(g) 
is a fundamental domain for T in H . 

Proof. For each z ^ H, the map g^{-,z): H M is continuous. Therefore each 
£i^-ball is open in H. Lemma 4.37(ii) implies that the set {int 1(5) | g G FxFqo} 
is locally finite. Then Remark 3.19 shows that F is of type (O). Note that here 
the subgroup (FxFoo) of F which is generated by FxFoo is exactly F. Let z G H. 
Lemma 5 before Theorem 5.3.4 in [21] states that Tz is a closed subset of H. 
Since 00 G fi(F), Proposition 8.5 in [O] shows that we find an open neighborhood 
U oi 00 in H such that Tz C H \U. Now H \U is compact and therefore 
Tz is so. The height function is continuous, which shows that the maximum of 
{ht(gz) I g G F} exists. Thus, FxFoo is of type (F). By Theorem 3.18, T is 
a fundamental region for F in H. By Lemma 4.37(i) the radii of the isometric 
spheres of F are uniformly bounded from above. Hence there is i? > such that 
the arc-connected set {z G H \ ht^(2:) = R} is contained in J^. Let wi,W2 G J-". 
Then wi + [0,R — ht (wi)] and W2 + [0,i? — ht (^2)] are contained in by 
Lemma 3.11(v). Hence, there is an arc in from wi to W2. This shows that is 
arc-connected, and thus connected. □ 

4.7. Isometric spheres and isometric fundamental regions in the litera- 
ture. For real hyperbolic spaces, definitions of isometric spheres are given at several 
places, e.g., the original definition of Ford in [10] for the plane, in [13] for the up- 
per half plane model and the disk (ball) model of two-dimensional real hyperbolic 
space, in [17] for three-dimensional space and in [2] (or, earlier, in [1]) for arbitrary 
dimensions. The definition for the upper half plane model is not equivalent to 
that in the disk model (see [17]). Ford's definition is that for the upper half plane 
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model. His definition has been directly generalized to higher dimensions. Ford and 
Apanasov show the existence of isometric fundamental regions for a huge class of 
groups. 

For complex hyperbolic spaces, the (to the knowledge of the author) only exist- 
ing definitions of isometric spheres arc given by Parker in [In], Goldman in [11], 
and Kamiya in [12]. Kamiya also discusses the existence of isometric fundamental 
regions for certain groups. 

For quaternionic hyperbolic spaces, an investigation of isometric fundamental 
regions does not seem to exist. A definition of isometric spheres is provided by [14]. 

In this final section we discuss the relation of the existing definitions of isometric 
spheres (for real hyperbolic space only exemplarily) to our definition of isometric 
spheres, and we compare the existing statements on the existence of isometric 
fundamental regions to Theorem 3.18. 

4.8. Real hyperbolic spaces. Ford [lo] shows the existence of isometric funda- 
mental regions for groups of isometrics acting on real hyperbolic plane (see [10, 
Theorems 15 and 22 in Ch. III]). Ford's definition of fundamental region is not 
equivalent to our definition. In fact, each fundamental region in sense of our defini- 
tion is a fundamental region in the sense of Ford, but not the other way round. In 
particular, the translates of a fundamental region in sense of Ford are not required 
to cover the whole space. For this reason the hypothesis of [10, Theorems 15, 22] 
are weaker than that of Theorem 3.18. However, the following discussion shows 
that the definition of isometric spheres in [10] is subsumed by our definition. 
In [2], the model 

D' = {(t,Z) e M X 3 I f > 0} 

of real hyperbolic space is used, and the isometric sphere for an element g E G"°^, 
acting on D' , is defined as 

lig) := {zeD'\\g'iz)\ = l}. 

More precisely, Apanasov (as all other references) uses the coordinates in the order 
3 X M. In particular, his model space for two-dimensional real hyperbolic space is 
the upper half plane, whereas D' is the right half plane. Clearly, this difference has 
no affect on his definition of isometric sphere. Lemma 4.39 below will show that 
this definition of isometric spheres is subsumed by our definition. 

The space D' is the symmetric space in Section 2.4 constructed from the abelian 
H-type algebra n = (n, {0}) = (3, {0}). In Sections 4-4.6 we had to work with the 
ordered decomposition ({0}, o) = ({0}, n) of n. Hence we used the symmetric space 

D = {{u,X) G M X I u > 

which is isometric to D' . According to [7], the isometry from D' to D is 

( D' ^ D 

[ it,Z) ^ (<2 + |Z|2,2Z). 

Then the action of an isometry g E 0"°^ on D' is given by vcig) '■= v^^ o g o v. 
Recall the isometry (3: H ^ D from Section 4.4.1. 

Lemma 4.39. Let z e D' and g e C'^^xG™". Then 

\j{g,l3-'oi.{z))\^' ^\,.G{9nz)\. 
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Proof. Let z = {t, Z) E D' and g = n2crmasni G G^'^^^G^^ with rij = {l^Wj), 
i = 1,2, and = (id.-ij)). At first wc calculate the value of o We 

have 

= ipH{n2)ipH{cr)'PH{m)(pH{as)VH{ni){l,t^ + \/2Z) 

Thus 

|j(g,/3-' ° = s^'^\\\wi\^ + t^ + \Z\^ +P2{Z,w^)\. 

Note that Z and (32{Z,wi) have to be seen as element of D (not of £>'). Hence 
P2{Z,wi) G R. Therefore /32(^,wi) = and further 

|j(.g,r' ° = ^1/2 + 1 + z\^\ = s'/^\{t, iu.i + Z)\\ 

Let (u, VF) G M X J. For the derivative i>Q{g)' {z) we find 

vg{9)\z)[u,W) ^ -s-^/\t,i^[\wi + Z)y\uMW))(t,^{,\wi + z)y\ 

Then 

|i/g(5)'WKW^)| - s-^'^\{t,i,{\w^ + • • \{t,i^{\w^+Z))\-^ 

= s-^'^\{t,\wi + Z)y^\{u, W)\. 

Thus, 

\m{g)'{z)\ = (<, ii^i + ^) r' - \j{9,r' o ,y{z))\-\ 

This completes the proof. □ 

Lemma 4.39 and Proposition 4.33 immediately imply the following characteriza- 
tion of exteriors of isometric spheres. 

Proposition 4.40. Let g G G"''=''\G^". Then 

ei^tI{g)^{zED' I \vG{g)'{z)\<\]. 

Hence [2, Theorem 2.30] is a special case of Proposition 4.38. Lemma 2.31 in 
[2] states an extension of Theorem 2.30 for subgroups F of G""^^ with Foo 7^ {id}- 
Unfortunately, the hypotheses of [2, Lemma 2.31] are not completely stated, for 
which reason we cannot compare this lemma with Theorem 3.18. 

4.9. Complex hyperbolic spaces. The isometric spheres for isometrics of com- 
plex hyperbolic spaces in [12] are identical to those in [I I]. Kamiya uses the model 
H and defines the Cygan metric by formula (20). Recall the map (fu from Sec- 
tion 4.4.6. Let / G PU(l,7i;C) = PU(*2,C) such that ip'^^{f) does not fix 00. 

Further suppose that (ay)i.j=i „+i is a matrix representative of /. Then Kamiya 

defines the isometric sphere of / to be the set 

/(/) ■.= {zEH\ q{z, ^-1(/-1)oo) ^ Rf] 

where Rf := |ai2|~^/^. One easily proves that this definition does not depend 
on the choice of the matrix representative. The following lemma shows that our 
definition of isometric spheres covers this one. 

Lemma 4.41. Suppose that f ~ (ay)i.j=i_. G PU(l,n;C) with 'PH^if){oo) ^ 
00. Then Rf = R{ipjj^{f)). 
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Proof. Set g :~ ^n^if)- We have 

ai2 
Therefore 

\j{g,oo)\ = \ai2\. 

Since \j{g~^, oo)\ = |j(5,c>o)|, Lemma 4.30 shows that R{g) ~ |ai2|^^^^- O 

[12, Theorem 3.1] states the existence of isometric fundamental domains for 
discrete subgroups T of C^^^ for which, after possible conjugation of F, we have 
oo G i^(r) and Too = {id}. By [21, Theorem 5.3.5], F is discrete if and only 
if F is properly discontinuous. Therefore, Kamiya's Theorem is a special case of 
Proposition 4.38. 

In [18], Parker uses a section of the projection map from i?\{0} to horospherical 
coordinates which is reminiscent of the ball model. Therefore, we expect that, as 
in the real case, this definition is not equivalent to the definition from [12]. 

4.10. Quaternionic hyperbolic spaces. In [14], Kim and Parker propose a def- 
inition of isometric spheres for isometrics in G"'°'^ \ of quaternionic hyperbolic 
space. They use the model H and horospherical coordinates for the definition. 
With the bijection 

\ {Z,X) ^ {z,^x), 

our Heisenberg group N and our Cygan metric is transfered into their one. After 
shuffling coordinates, they characterize (see [14, Proposition 4.3]) the isometric 
sphere I{g) of an element g = (aij)i.j=i,...,n+i in 

PSp(ri, 1;B.) with Lp^^{g){oo) ^ 00 

as 

I{g) = {zeH\ g{z, ^„\g-')^) = ^/2 • la^^l'/^}- 

They use a slightly different indefinite form on E for the definition of the hyperbolic 
space. Despite this difference we can apply the calculation in Section 4.9 we see 
that our definition of isometric sphere provides |ai2|"'^/^ as radius. The factor \/2 
in [14] is due to the factor ^ in their choice of the section of the projection from 
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